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Amongst  the  various  subjects  Avhich  have  at  different  times  occupied 
the  attention  of  Mathematicians,  there  are  probably  few  more  interesting 
in  themselves,  or  which  offer  greater  difficulties  in  their  investigation, 
than  those  in  which  it  is  required  to  determine  mathematically  the 
laws  of  the  equilibrium  or  motion  of  a system  composed  of  an  infinite 
number  of  free  particles  all  acting  upon  each  other  mutually,  and  ac- 
cording to  some  given  law.  When  we  conceive,  moreover,  the  law  of 
the  mutual  action  of  the  particles  to  be  such  that  the  forces  which 
emanate  from  them  may  become  insensible  at  sensible  distances,  the 
researches  to  which  the  consideration  of  these  forces  lead  will  be  greatly 
simplified  by  the  limitation  thus  introduced,  and  may  be  regarded  as 
forming  a class  distinct  from  the  rest.  Indeed  they  then  for  the  most 
part  terminate  in  the  resolution  of  equations  between  the  values  of 
certain  functions  at  any  point  taken  at  will  in  the  interior  of  the  sys- 
tem, and  the  values  of  the  partial  differentials  of  these  functions  at  the 
same  point.  When  on  the  contrary  the  forces  in  question  continue 
sensible  at  every  finite  distance,  the  researches  dependent  upon  them 
become  far  more  complicated,  and  often  require  all  the  resources  of 
the  modern  analysis  for  their  successful  prosecution.  It  would  be  easy 
so  to  exhibit  the  theories  of  the  equilibrium  and  motion  of  ordinary 
fluids,  as  to  offer  instances  of  researches  appertaining  to  the  former 
class,  whilst  the  mathematical  investigations  to  which  the  theories  of 
Electricity  and  Magnetism  have  given  rise  may  be  considered  as  in- 
teresting examples  of  such  as  belong  to  the  latter  class. 
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It  is  not  my  chief  design  in  this  paper  to  determine  mathematically 
the  density  of  the  electric  fluid  in  bodies  under  given  circumstances, 
having  elsewhere*  given  some  general  methods  by  which  this  may  be 
effected,  and  applied  these  methods  to  a variety  of  cases  not  before 
submitted  to  calculation,  JVIy  present  object  will  be  to  determine  the 
laws  of  the  equilibrium  of  an  hypothetical  fluid  analagous  to  the  electric 
fluid,  but  of  which  the  law  of  the  repulsion  of  the  particles,  instead  of 
being  inversely  as  the  square  of  the  distance,  shall  be  inversely  as  any 
power  n of  the  distance ; and  I shall  have  more  particularly  in  view 
the  determination  of  the  density  of  this  fluid  in  the  interior  of  con- 
ducting spheres  when  in  equilibrium,  and  acted  upon  by  any  exterior 
bodies  whatever,  though  since  the  general  method  by  which  this  is 
effected  will  be  equally  applicable  to  circular  plates  and  ellipsoids. 

1 shall  present  a sketch  of  these  applications  also. 

It  is  well  known  that  in  enquiries  of  a nature  similar  to  the  one 
about  to  engage  our  attention,  it  is  always  advantageous  to  avoid  the 
direct  consideration  of  the  various  forces  acting  upon  any  particle  p of 
the  fluid  in  the  system,  by  introducing  a particular  function  V of  the 
co-ordinates  of  this  particle,  from  the  differentials  of  which  the  values 
of  all  these  forces  may  be  immediately  deduced  f.  We  have,  therefore, 
in  the  present  paper  endeavoured,  in  the  first  place,  to  find  the  value 
of  V,  where  the  density  of  the  fluid  in  the  interior  of  a sphere  is  given 
by  means  of  a very  simple  consideration,  which  in  a great  measure 
obviates  the  difficulties  usually  attendant  on  researches  of  this  kind, 
have  been  able  to  determine  the  value  V,  where  p,  the  density  of  the 
fluid  in  any  element  civ  of  the  sphere’s  volume,  is  equal  to  the  product 
of  two  factors,  one  of  which  is  a very  simple  function  containing  an 
arbitrary  exponent  /3,  and  the  remaining  one  f is  equal  to  any  rational 

* Essay  on  the  Application  of  Mathematical  Analysis  to  the  Theories  of  Electricity  and 
Magnetism. 

t This  function  in  the  present  case  will  be  obtained  by  taking  the  sum  of  all  the  molecules 
of  a fluid  acting  upon  p,  divided  by  the  (h  — 1)'*'  power  of  their  respective  distances  fromp; 
.and  indeed  the  function  which  Laplace  has  represented  by  V in  the  third  book  of  the 
Mecanique  Celeste,  is  only  a particular  value  of  our  more  general  one  produced  by  writing 

2 in  the  place  of  the  general  exponent  w. 
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and  entire  function  whatever  of  the  rectangular  co-ordinates  of  the  element 
dv,  and  afterwards  by  a proper  determination  of  the  exponent  ji,  have 
reduced  the  resulting  quantity  ^ to  a rational  and  entire  function  of 
the  rectangular  co-ordinates  of  the  particle  p,  of  the  same  degree  as 
the  function  f.  This  being  done,  it  is  easy  to  perceive  that  the  reso- 
lution of  the  inverse  problem  may  readily  be  effected,  because  the 
coefficients  of  the  required  factor  f will  then  be  determined  from  the 
given  coefficients  of  the  rational  and  entire  function  V,  by  means  of 
linear  algebraic  equations. 

The  method  alluded  to  in  what  precedes,  and  which  is  exposed  in 
the  two  first  articles  of  the  following  paper,  will  enable  us  to  assign 
generally  the  value  of  tlie  induced  density  p for  any  ellipsoid,  what- 
ever its  axes  may  be,  provided  the  inducing  forces  are  given  explicitly 
in  functions  of  the  co-ordinates  of  p ; but  when  by  supposing  these  axes 
equal  we  reduce  the  ellipsoid  to  a sphere,  it  is  natural  to  expect  that 
as  the  form  of  the  solid  has  become  more  simple,  a corresponding  degree 
of  simplicity  will  be  introduced  into  the  results ; and  accordingly,  as 
will  be  seen  in  the  fourth  and  fifth  articles,  the  complete  solutions  both 
of  the  direct  and  inverse  problems,  considered  under  their  most  general 
point  of  view,  are  such  that  the  required  quantities  are  there  always 
expressed  by  simple  and  explicit  functions  of  the  known  ones,  inde- 
pendent of  the  resolution  of  any  equations  whatever. 

The  first  five  articles  of  the  present  paper  being  entirely  analytical, 
serve  to  exhibit  the  relations  which  exist  between  the  density  p of  our 
hypothetical  fluid,  and  its  dependent  function  V ; but  in  the  following 
ones  our  principal  object  has  been  to  point  out  some  particular  appli- 
cations of  these  general  relations. 

In  the  seventh  article,  for  example,  the  law  of  the  density  of  our 
fluid  when  in  equilibrium  in  the  interior  of  a conductory  sphere,  has 
been  investigated,  and  the  analytical  value  of  p there  found  admits  of 
the  following  simple  enunciation. 

The  density  p of  free  fluid  at  any  point  p within  a conducting  sphere 
A,  of  which  O is  the  centre,  is  always  proportional  to  the  {n  - 4)“^  power 
of  the  radius  of  the  circle  formed  by  the  intersection  of  a plane  per- 
pendicular to  the  ray  Op  with  the  surface  of  the  sphere  itself,  provided 
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n is  greater  than  2.  When  on  the  contrary  is  less  than  2,  this  law 
requires  a certain  modification ; the  nature  of  which  has  been  fully 
investigated  in  the  article  just  named,  and  the  one  immediately  fol- 
lowing. 

It  has  before  been  remarked,  that  the  generality  of  our  analysis  will 
enable  us  to  assign  the  density  of  the  free  fluid  which  would  be  induced 
in  a sphere  by  the  action  of  exterior  forces,  supposing  these  forces  are 
given  explicitly  in  functions  of  the  rectangular  co-ordinates  of  the  point 
of  space  to  which  they  belong.  But,  as  in  the  particular  case  in  which 
our  formula  admit  of  an  application  to  natural  phenomena,  the  forces  in 
question  arise  from  electric  fluid  diffused  in  the  inducing  bodies,  we 
have  in  the  ninth  article  considered  more  especially  the  case  of  a con- 
ducting sphere  acted  upon  by  the  fluid  contained  in  any  exterior  bodies 
whatever,  and  have  ultimately  been  able  to  exliibit  the  value  of  the 
induced  density  under  a very  simple  form,  whatever  the  given  density 
of  the  fluid  in  these  bodies  may  be. 

The  tenth  and  last  article  contains  an  application  of  the  general 
method  to  circular  planes,  from  which  results,  analagous  to  those  formed 
for  spheres  in  some  of  the  preceding  ones  are  deduced ; and  towards 
the  latter  part,  a very  simple  formula  is  given,  which  serves  to  express 
the  value  of  the  density  of  the  free  fluid  in  an  infinitely  thin  plate, 
supposing  it  acted  upon  by  other  fluid,  distributed  according  to  any 
given  law  in  its  own  plane.  Now  it  is  clear,  that  if  to  the  general  ex- 
ponent fi  we  assign  the  particular  value  2,  all  our  results  will  become 
applicable  to  electrical  phenomena.  In  this  way  the  density  of  the 
electric  fluid  on  an  infinitely  thin  circular  plate,  when  under  the  in- 
fluence of  any  electrified  bodies  whatever,  situated  in  its  own  plane, 
will  become  known.  The  analytical  expression  which  serves  to  repre- 
sent the  value  of  this  density,  is  remarkable  for  its  simplicity ; and  by 
suppressing  the  term  due  to  the  exterior  bodies,  immediately  gives  the 
density  of  the  electric  fluid  on  a circular  conducting  plate,  when  quite 
free  from  all  extraneous  action.  Fortunately,  the  manner  in  which 
the  electric  fluid  distributes  itself  in  the  latter  case,  has  long  since 
been  determined  experimentally  by  Coulomb.  We  have  thus  had  the 
advantage  of  comparing  our  theoretical  results  with  those  of  a very 
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accurate  observer,  and  the  differences  between  them  are  not  greater 
than  may  be  supposed  due  to  the  unavoidable  errors  of  experiment, 
and  to  that  which  would  necessarily  be  produced  by  employing  plates 
of  a finite  thickness,  whilst  the  theory  supposes  this  thickness  infinitely 
small.  Moreover,  the  errors  are  all  of  the  same  kind  with  regard  to 
sign,  as  would  arise  from  the  latter  cause. 

1.  If  we  conceive  a fluid  analogous  to  the  electric  fluid,  but  of 
which  the  law  of  the  repulsion  of  the  particles  instead  of  being  in- 
versely as  the  square  of  the  distance  is  inversely  as  some  power  n of 
the  distance,  and  suppose  p to  represent  the  density  of  this  fluid,  so 
that  f/i;  being  an  element  of  the  volume  of  a body  A through  which 
it  is  diffused,  pdv  may  represent  the  quantity  contained  in  this  element, 
and  if  afterwards  we  write  g for  the  distance  between  dv  and  any 
particle  p under  consideration,  and  these  form  the  quantity 


the  integral  extending  over  the  whole  volume  of  A,  it  is  well  known 
that  the  force  with  which  a particle  p of  this  fluid  situate  in  any 
point  of  space  is  impelled  in  the  direction  of  any  line  q and  tending 
to  increase  this  line  will  always  be  represented  by 


(1) 


^ 

1-n 


V being  regarded  as  a function  of  three  rectangular  co-ordinates  of 
p,  one  of  which  co-ordinates  coincides  with  the  line  q,  and ' 
being  the  partial  differential  of  F,  relative  to  this  last  co-ordinate. 


In  order  now  to  make  known  the  principal  artifices  on  which  the 
success  of  our  general  method  for  determining  the  function  V mainly 
depends,  it  will  be  convenient  to  begin  with  a very  simple  example. 


Let  us  therefore  suppose  that  the  body  A is  a sphere,  whose  centre 
is  at  the  origin  O of  the  co-ordinates,  the  radius  being  1 ; and  p is 
such  a function  of  x',  y\  %,  that  where  we  substitute  for  x',  y , % their 
values  in  polar  co-ordinates 
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X = r cos  0',  xj  = r sin  & cos  -ar',  = r'  sin  Q'  sin  w' , 

it  shall  reduce  itself  to  the  form 

f being  the  characteristic  of  any  rational  and  entire  function  what- 
ever: which  is  in  fact  equivalent  to  supposing 

/>  = (!-  - y'  - ' + xj^  + z'-). 

9 

Now,  when  as  in  the  present  case,  p can  be  expanded  in  a series 
of  the  entire  powers  of  the  quantities  x,  xj,  z,  and  of  the  various 
products  of  these  powers,  the  function  will  always  admit  of  a similar 
expansion  in  the  entire  powers  and  products  of  the  quantities  x,  y,  z, 
provided  the  point  p continues  within  the  body  A*,  and  as  moreover 
V evidently  depends  on  the  distance  Op  = r and  is  independent  of  9 
and  -sr,  the  two  other  polar  co-ordinates  of  p,  it  is  easy  to  see  that  the 
quantity  F when  we  substitute  for  x,  y,  z these  values 

x = 9'  cos  6,  xj  = r sin  6 cos  tjr,  % = ?•  sin  9 sin  tst 

will  become  a function  of  ?•,  only  containing  none  but  tlie  even 
powers  of  this  variable. 

But  since  we  have 

dv  = r"^dr  d 9' d ^ sin  9\  and  ^ = ( 1 — (r'-), 

the  value  of  V becomes 

V=  = fr^cli''d9'd-sr'  sin  9'  (1  - r'^)^  fiF)  -g^'" ; 

j g> 

the  integrals  being  taken  from  •zv'  = 0 to  ut'  = 2 tt,  from  9'  = 0 to  9'  = tt, 
and  from  r'  = 0 to  ?''  = !. 

* The  truth  of  this  assertion  will  become  tolerably  clear,  if  we  recollect  that  F may  be 
regarded  as  the  sum  of  every  element  pdv  of  the  body’s  mass  divided  by  the  (m— I)'**  power 
of  the  distance  of  each  element  from  the  point  p,  supposing  the  density  of  the  body  A to  be 
expressed  by  p,  a continuous  function  of  z.  For  then  the  quantity  F is  represented 

by  a continuous  function,  so  long  as  p remains  within  A ; but  there  is  in  general  a violation 
of  the  law  of  continuity  whenever  the  point  p passes  from  the  interior  to  the  exterior  space. 
This  truth,  however,  as  enunciated  in  the  text,  is  demonstrable,  but  since  the  present  paper 
is  a long  one,  I have  suppressed  the  demonstrations  to  save  room. 
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Now  V may  be  considered  as  composed  of  two  parts,  one  V due 
to  the  sphere  JB  whose  centre  is  at  the  origin  O,  and  surface  passes 
through  the  point  p,  and  another  V"  due  to  the  shell  S exterior  to  B. 
In  order  to  obtain  the  first  part,  we  must  expand  the  quantity 

f 

T 

in  an  ascending  series  of  the  powers  of  ~ • lo  this  way  we  get 

1— n 

^.1  - » _ 1-^.2  _ 2;./  I cos  Q cos  & + sin  9 sin  O'  cos  (•ar'  - -ar)}  + /']  ^ 

= (q, + Q.  7 +Q.^+Q,^+&c.). 


If  then  we  substitute  this  series  for  in  the  value  of  V,  and 
after  having  expanded  the  quantity  (1— /®)^,we  effect  the  integrations 
relative  to  r,  O',  and  tjr',  we  shall  have  a result  of  the  form 

V'  = \A-\-  Br'  + Cr^  + &c. } 

seeing  that  in  obtaining  the  part  of  V before  represented  by  the 
integral  relative  to  r'  ought  to  be  taken  from  r'  = 0 to  r'  = r only. 

To  obtain  the  value  of  V",  we  must  expand  the  quantity  g^-'‘  in 
an  ascending  series  of  the  powers  of  p,  and  we  shall  thus  have 

1— n 

^i-n_  (r^—^rr  [cos  0 cos  0'  + sin  0 sin  0'  cos  (■sr  — -ar')]  + r"^)  ^ 

= r'^-\  {Qo+Qi  ^ + Q2  ^ + Qs  ^ ; 

the  coefficients  Qu  &c.  being  the  same  as  before. 

The  expansion  here  given  being  substituted  in  F'",  there  will  arise 
a series  of  the  form 

r"=  T,+  T,+  T,+  T,  + &cc. 

of  which  the  general  term  7\  is 

T,  = fdO'diir'  sin  0'  Q,  fr'^dr  (1  —r'y.f{r'’^) ; 


the  integrals  being  taken  from  r'  = r to  ;•'  = !,  from  0'  = 0 to  d'  = 7r,  and 
from  *25-'  = 0 to  sr' = 2Tr.  This  will  be  evident  by  recollecting  that  the 
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triple  integral  by  which  the  value  of  V"  is  expressed,  is  the  same  as 
the  one  before  given  for  V,  except  that  the  integration  relative  to  r\ 
instead  of  extending  from  /•'  = 0 to  r = 1 , ought  only  to  extend  from 
r = r to  r = 1 . 


But  the  general  term  in  the  function  being  represented  by 

the  part  of  Ts  dependent  on  this  term  will  evidently  be 

(2) Atr' fclO’d-zir'  sin  9'.  (1  — 

the  limits  of  the  integrals  being  the  same  as  before. 


We  thus  see  that  the  value  of  Ts  and  consequently  of  V'"  would 
immediately  be  obtained,  provided  we  had  the  value  of  the  general 
integral 

which  being  expanded  and  integrated  becomes 


1 

1 

, 13(13-1) 

1 

— &c. 

b + 1 

1 

'b  + 3 

1.2 

b + 5 

fJ>  + 3 

fJ)  + i 

+ &c. 

1 

1 

'b  + 3 

1.2 

'b  + 5 

but  since  the  first  line  of  this  expression  is  the  well  known  expansion  of 


when  71  = 2 .p  = b + 1 and  q = 2{(i  + l)  we  have  ultimately. 


r(^)  r(/3+i) 

(8) - ry  ■■ — — - - 1 X 


..'>+1 


„6  + 3 


(i  r 

1 T + T ^ 1 Z ~ 

0+1  1 b +3 


By  means  of  the  result  here  obtained,  we  shall  readily  find  the 
value  of  the  expression  (2)  which  will  evidently  contain  one  term  multi- 
plied by  and  an  infinite  number  of  others,  in  all  of  which  the  quantity 
;•  is  affected  with  the  exponent  7i.  But  as  in  the  case  under  considera- 
tion, 71  may  represent  any  number  whatever,  fractionary  or  irrational. 
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it  is  clear  that  none  of  the  terras  last  mentioned  can  enter  into  F, 
seeing  that  it  ought  to  contain  the  even  powers  of  r only,  thence  the 
terms  of  this  kind  entering  into  V" , must  necessarily  be  destroyed  by 
corresponding  ones  in  V . By  rejecting  them,  therefore,  the  formula  (2) 
will  become 

r(/3  + ]) 

(2') Air\  fdO'clTir'  sin  6'  Qs. 

3r(.+/3+3-i^') 

But  as  V ought  to  contain  the  even  powers  of  r only,  those  terms 
in  which  the  exponent  s is  an  odd  number,  will  vanish  of  themselves 
after  all  the  integrations  have  been  effected,  and  consequently  the  only 
terms  which  can  appear  in  F,  are  of  the  form 

r It+a-s'-  1)  r(/3  + i) 

(4) Atr”"'  fdO' d-sr'  sin  6'  Qis", 

2r  [t  + l3  + 3-s'- I) 

where,  since  s is  an  even  number,  we  have  written  2/  in  the  place  of 
s,  and  as  Q.,-  is  always  a rational  and  entire  function  of  cos  9',  sin  9' 
cos  Ttr',  and  sin  9'  sin  -sr',  the  remaining  integrations  may  immediately  be 
effected. 

Having  thus  the  part  of  T'a,-  due  to  any  term  Atr'^^  of  the  function 
/■(r'^)  we  have  immediately  the  value  of  T'ss'  and  consequently  of  K", 
since 

To'+  t;+  t:+  r/  + &c.; 

U'  representing  the  sum  of  all  the  terms  in  V'  which  have  been  rejected 
on  account  of  their  form,  and  T'  Z*/  71'  the  value  of  71  71,  &c. 
obtained  by  employing  the  truncated  formula  (2)  in  tne  place  of  the 
complete  one  (2). 

But  ^ r'+  v"=v'+  u'+  71'+  71'+  r:  + 7v+  &c. 

or  by  transposition, 

V-  71'  - 71'  - 71'  - 7V  - &c.  = r'  + U', 

and  as  in  this  equation,  the  function  on  the  left  side  contains  none 
but  the  even  powers  of  the  indeterminate  quantity  r,  whilst  that  on 
VoL.  V.  Part  I.  B 
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the  right  does  not  contain  any  of  the  even  powers  of  r,  it  is  clear  that 
each  of  its  sides  ought  to  be  equated  separately  to  zero.  In  this  way 
the  left  side  gives 

(5) 2;'  + t;  + Ti  + 2v  + &c. 

Hitherto  the  value  of  the  exponent  /3  has  remained  quite  arbitrary, 
but  the  known  properties  of  the  function  F will  enable  us  so  to 
determine  j3,  that  the  series  just  given  shall  contain  a finite  number 
of  terms  only.  We  shall  thus  greatly  simplify  the  value  of  F',  and 
reduce  it  in  fact  to  a rational  and  entire  function  of  r*. 


For  this  purpose,  we  may  remark  that 

r (0)  = 00  , r(-l)=oo,  r(  — 2)  = go,  in  infinitum. 


If  therefore  we  make  — - + /3  = 

2 


any  Avhole  number  positive  or 


negative,  the  denominator  of  the  function  (4)  will  become  infinite,  and 
consequently  the  function  itself  will  vanish  when  s is  so  great  that 


Ih  • 

— — Ifi  + t+S  - 8 is  equal  to  zero  or  any  negative  number,  and  as 

the  value  of  t never  exceeds  a certain  number,  seeing  that  fi(r^)  is 
a rational  and  entire  function,  it  is  clear  that  the  series  (4)  will  termi- 
nate of  itself,  and  F become  a rational  and  entire  function  of  r'. 


(2)  The  method  that  lias  been  employed  in  the  preceding  article 
where  the  function  by  which  the  density  is  expressed  is  of  the  particular 
form 

may  by  means  of  a very  slight  modification,  be  applied  to  the  far  more 
general  value 

p = (1  - ?'y/y,  ?/,  x)  = (1  - a:'*  - y ® - x y,  x) 

where  f is  the  characteristic  of  any  rational  and  entire  function  wliat- 
ever : and  the  same  value  of  /3  which  reduces  F to  a rational  and  entire 
function  of  in  the  first  case,  reduces  it  in  the  second  to  a similar 
function  of  x,  y,  « and  the  rectangular  co-ordinates  of  j). 
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To  prove  this,  we  may  remark  that  the  corresponding  value  V will 
become 

V — ff’-dr'd$'d^'  sin  0'  {1  — , y , 

the  integral  being  conceived  to  comprehend  the  whole  volume  of  the 
sphere. 

Let  now  the  function  f be  divided  into  two  parts,  so  that 

f{x,  y,  z')  =/  {x',  y',  z)  {x' , y',  z) ; 

J\  containing  all  the  terms  of  the  function  f,  in  which  the  sum  of  the 
exponents  of  x',  y,  z is  an  odd  number ; and  the  remaining  terms,  or 
those  where  the  same  sum  is  an  even  number.  In  this  way  we  get 

the  functions  and  V2  corresponding  to^J  and^,  being 

Fi  = fr^dr'dO' d-isr'  sin  O'  — {x',  y, 

Vz  = Jr^dr  do'  dijr'  sin  O'  (1  — {x,  y,  z')  g^~”. 

We  will  in  the  first  place  endeavour  to  determine  the  value  and 
for  this  purpose,  by  writing  for  x',  y',  z their  values  before  given  in 
r'.  O',  nr',  we  get 

fi  {x,  y\  «')  = r'y\r{r'^) ; 

the  coefficients  of  the  various  powers  of  r"^  in  \fr(r^)  being  evidently 
rational  and  entire  functions  of  cos  O',  sin  O'  cos  -zv',  and  sin  O'  sin  -ar'. 
Thus 

Fi  = / r'^ dr  do' dTir'  sin  O'  (1  — r'\}y(r'')  g^~"; 

this  integral,  like  the  foregoing,  comprehending  the  whole  volume  of 
the  sphere. 

Now  as  the  density  corresponding  to  the  function  is 
Pi  = (1-  x'-'  - {pc',  y',  z'), 

it  is  clear  that  it  may  be  expanded  in  an  ascending  series  of  the  entire 
powers  of  x',  y,  z,  and  the  various  products  of  these  powers  consequently, 
as  was  before  remarked  (Art.  1.),  Fi  admits  of  an  analagous  expansion 
in  entire  powers  and  products  of  x,  y,  z.  Moreover,  as  the  density  /o, 

B 2 
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retains  the  same  numerical  value,  and  merely  changes  its  sign  when 
we  pass  from  the  element  dv  to  a point  diametrically  opposite,  where 
the  co-ordinates  x , y',  z are  replaced  by  - x',  - y',  —z' : it  is  easy  to 
see  that  the  function  F”,,  depending  upon  pi,  possesses  a similar  property, 
and  merely  changes  its  sign  when  x,  y,  z,  the  co-ordinates  of  p,  are 
changed  into  - x,  -y,  —z.  Hence  the  nature  of  the  function  F is 
such  that  it  can  contain  none  but  the  odd  powers  of  r,  wdien  we  sub- 
stitute for  the  rectangular  co-ordinates  x,  y,  z,  their  values  in  the  polar 
co-ordinates  r,  9,  tzr. 

Having  premised  these  remarks,  let  us  now  suppose  F is  divided 
into  two  parts,  one  F/  due  to  the  sphere  B which  passes  through  the 
particle  p,  and  the  other  F/'  due  to  the  exterior  shell  S.  Then  it  is 
evident  by  proceeding,  as  in  the  case  -where  p = (1  - that  F,' 
will  be  of  the  form 

F/  = \A  -H  Br^  + Cr‘  + &c.| ; 

the  coefficients  A,  B,  C,  &cc.  being  quantities  independent  of  the  variable  r. 

In  like  manner  we  have  also 

F"  = fr^dr’de'dsr'  sin  0'  (1  - . /v//  (F')  g^-” ; 

the  integrals  being  taken  from  r=r  to  r = l,  from  9'  = 0 to  0'  = 7r,  and 
from  cr'  = 0 to  -za-'  = 2 tt. 

By  substituting  now  the  second  expansion  of  g^-"  before  used  (Art.  1.), 
the  last  expression  will  become 

F,"  = 7;  + Ti+  7;  + 7;  + &c. 
of  which  series  the  general  term  is 

T,  = fd9'd7!r'  sin  9'  Q,  fr^-‘dr' (I  - ry  ^ ^|.  (ry 

Moreover,  the  general  term  of  the  function  \//  (r'*)  being  represented  by 
Atr-‘,  the  portion  of  7]  due  to  this  term,  will  be 

(a) 7'^  fd9'd-sr’  sin  9'  (1  — 7-y 

the  limits  of  the  integrals  being  the  same  as  before. 
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If  now  we  effect  the  integrations  relative  to  r by  means  of  the  for- 
mula (3),  Art.  1,  and  reject  as  before  those  powers  of  the  variable  /•. 
in  which  it  is  affected,  with  the  exponent  n,  since  these  ought  not  enter 
into  the  function  V^,  the  last  formula  will  become 


5 — w — s 
2 


r(/3  + i) 


2r 


7 + — n-\-2t—s 

2 


r" sin  0'Q,Ai, 


and  as  Fi  ought  to  contain  none  but  the  odd  powers  of  we  may  make 
5 = 2/4.!,  and  disregard  all  those  terms  in  which  s is  an  even  number, 
since  they  will  necessarily  vanish  after  all  the  operations  have  been 
effected.  Thus  the  only  remaining  terms  will  be  of  the  form 


4 — w + 2^--2/'> 


2 


) r(/3  + i) 


2.r 


6 + 2)3  - w + 2/ — 2/ 
2 


j'dQ'dTff-'  sin  9'  Qa/+i  At ; 


where,  as  At  and  Qa/+i  are  both  rational  and  entire  functions  of  cos  6', 
sin  0'  cos  •ar',  sin  9'  sin  ■ar',  the  remaining  integrations  from  & = 0 to  9'  = tt, 
and  -ar'  = 0 to  •ar'  = 2 tt,  may  easily  be  effected  in  the  ordinary  way. 


If  now  we  follow  the  process  employed  in  the  preceding  article,  and 
suppose  To,  Ti,  Ti,  &c.  are  what  To,  T,  T,  &c.  become  when  we  use 
the  truncated  formula  («')  instead  of  the  complete  one  {a),  we  shall 
readily  get 

Ft  = Ti  + T;  + Ti  + Ti  + &c. 


In  like  manner,  from  the  value  of  F before  given,  we  get 
Vi'  = ir'Ulr' d9' d-ur'  sin  O'  (1  - ; 

the  integrals  being  taken  from  r =r  to  r = l,  from  9’  = 0 to  9'  = 7r,  and 
from  ■ar  = 0 to  ar  = 2 tt. 

Expanding  now  as  before,  we  have 

Vi'  =Uo+Ut+U,+  Us  + &c. 

where 

Us  = id9'dw'  sin  ar'Q,/y^-"^/r'(l  ^ cp  (/*), 
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and  the  part  of  U,  due  to  the  general  term  in  (p  {/■),  will  be 

(i) r*  fdO'clTtr'  sin  — 

M'hich,  by  employing  the  formula  {3')  Art.  1.,  and  rejecting  the  inad- 
missible terms,  gives  for  truncated  formula 


ib'). 


4!  — 71  + 2 t — s 
2 


r(/3  + i) 


2r 


6 — 7i  + 2f3  + 2t—s 
2 


r*  fdO'd-sr'  sin  0'Q,Bi. 


By  continuing  to  follow  exactly  the  same  process  as  was  before 
employed  in  finding  the  value  of  we  shall  see  that  s must  always 
he  an  even  number,  say  2 s';  and  thus  the  expression  immediately  pre- 
ceding will  become 


r 


4!  — 71  + 2t—  2s' 
2 


r(/5  + i) 


2r 


6 — 71  + 2(3  + 2t—2s''' 

2 ; 


/•'*'  / dO'd-sr'  sin  9'  Qi,  Bi. 


Moreover,  the  value  of  will  be 

r,  = u:+  Ul+Ul+Ul  + &c.; 

'Uii  Us,  &c.  being  what  U^,  Ui,  U,  &cc.  become  when  we  use 
the  formula  {b')  instead  of  the  complete  one  (b). 

The  value  of  U answering  to  the  density 

P = p,+p,  = {I-  r'y  ./{x,  7j',  x'), 

by  adding  together  the  two  parts  into  which  it  was  originally  divided, 
therefore,  becomes 

r=  u + Vs=  t;+t(+  Ti  + T(  + kc. 

+ u'+Us'+u:+-u:  + kc. 


When  (3  is  taken  arbitrarily,  the  two  series  entering  into  U extend 
in  infinitum,  but  by  supposing  as  before.  Art.  1., 
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w representing  any  whole  number,  positive  or  negative,  it  is  clear  from 
the  form  of  the  quantities  entering  into  T-^s'+i  and  U^,',  and  from  the 
known  properties  of  the  function  F,  that  both  these  series  will  terminate 
of  themselves,  and  the  value  of  be  expressed  in  a finite  form ; which, 
by  what  has  preceded,  must  necessarily  reduce  itself  to  a rational  and 
entire  function  of  the  rectangular  co-ordinates  x,  y,  It  seems  needless, 
after  what  has  before  been  advanced,  (Art.  1 .)  to  offer  any  proof  of  this : 
we  will,  therefore,  only  remark  that  if  7 represents  the  degree  of  the 
function  y,  z),  the  highest  degree  to  which  F can  ascend  will  be 

7 + 2 ft'  + 4, 

In  what  immediately  precedes,  co  may  represent  any  whole  number 
whatever,  positive  or  negative ; but  if  we  make  ftj  = — 2,  and  consequently, 

/3  = , the  degree  of  the  function  F is  the  same  as  that  of  the  factor 

fix,  y,  z'), 

comprised  in  p.  This  factor  then  being  supposed  the  most  general  of 
its  kind,  contains  as  many  arbitrary  constant  quantities  as  there  are 
terms  in  the  resulting  function  F.  If,  therefore,  the  form  of  the  rational 
and  entire  function  F be  taken  at  will,  the  arbitrary  quantities  contained 
in  J'ix',y,z)  will  in  case  ftj=— 2 always  enable  us  to  assign  the  corres- 
ponding value  of  p,  and  the  resulting  value  of  fix , y,  z)  will  be  a rational 
and  entire  function  of  the  same  degree  as  F.  Therefore,  in  the  case 
now  under  consideration,  we  shall  not  only  be  able  to  determine  the 
value  of  F wdien  p is  given,  but  shall  also  have  the  means  of  solving 
the  inverse  problem,  or  of  determining  p when  F is  given ; and  this 
determination  will  depend  upon  the  resolution  of  a certain  number  of 
algebraical  equations,  all  of  the  first  degree. 

3.  The  object  of  the  preceding  sketch  has  not  been  to  point  out 
the  most  convenient  way  of  finding  the  value  of  the  function  F,  but 
merely  to  make  known  the  spirit  of  the  method ; and  to  show  on  what 
its  success  depends.  Moreover,  when  presented  in  this  simple  form, 
it  has  the  advantage  of  being,  Avith  a very  slight  modification,  as  ap- 
plicable to  any  ellipsoid  whatever  as  to  the  sphere  itself.  But  Avhen 
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spheres  only  are  to  be  considered,  the  resulting  formulge,  as  we  shall 
afterwards  sliow,  will  be  much  more  simple  if  we  expand  the  density  p 
in  a series  of  functions  similar  to  those  used  by  Laplace  {Mec.  Cel. 
Liv.  iii.) : it  will  however  be  advantageous  previously  to  demonstrate 
a general  property  of  functions  of  this  kind,  wdiich  will  not  only  serve 
to  simplify  the  determination  of  V,  but  also  admit  of  various  other 
applications  of  xla. 

Suppose,  therefore,  is  a function  of  6 and  sr,  of  the  form  con- 
sidered by  Laplace  {Mec.  Cel.  Liv.  iii.),  r,  0,  'sr  being  the  polar  co-ordi- 
nates referred  to  the  axes  X,  Y,  Z,  fixed  in  space,  so  that 

X — r cos  0,  y = r sin  6 cos  -sr,  x = r sin  0 sin  •ar ; 

tlien,  if  we  conceive  three  other  fixed  axes  X^,  Y^,  Z,,  having  the  same 
origin  but  different  directions,  Y^''>  will  become  a function  of  9^  and  'ar,, 
and  may  therefore  be  expanded  in  a series  of  the  form 

(6) = FW  + F/')  + F®  + F®  + &c. 

Suppose  now  we  take  any  other  point  and  mark  its  various  co-ordinates 
with  an  accent,  in  order  to  distinguish  them  from  those  of  jy ; then,  if 
we  designate  the  distance  pp  by  {p,p),  we  shall  have 

, — 1 — 2rr'  [cos  9 cos  9'  + sin  9 sin  9'  cos  (w-  — •ar')]  + r'H 

{p,p)  i 

= i (O'"’  + Q"’  • ^ + 0“’  7 + O'”  , 

as  has  been  shewn  by  Laplace  in  the  third  book  of  the  Mec.  Cel.,  where 
the  nature  of  the  different  functions  here  employed  is  completely  ex- 
])lained. 

In  like  manner,  if  the  same  quantity  is  expressed  in  the  polar  co- 
ordinates belonging  to  the  neAV  system  of  axes  X^,  F,,  Z,,  we  have, 
since  the  quantities  ?'  and  r are  evidently  the  same  for  both  systems, 

= - (Q,™  + Q,<'>  - + Q,'”-.  + + &C.  ; 

{p,p)  r \ r 7"  r’  ) 

and  it  is  also  evident  from  the  form  of  the  radical  quantity  of  which 
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the  series  just  given  are  expansions,  that  whatever  number  i may  re- 
present, will  be  immediately  deduced  from  by  changing  0,  •ar, 

T 

O',  Tir\  into  -stu  Oi,  ‘ar/.  But  since  the  quantity  - is  indeterminate, 


and  may  be  taken  at  will,  we  get,  by  equating  the  two  values  of 

\p} 

T 

and  comparing  the  like  powers  of  the  indeterminate  quantity  -, 

Q®  = Q/'l 


P 


If  now  we  multiply  the  equation  (6)  by  the  element  of  a spherical 
surface  whose  radius  is  unity,  and  then  by  Q®  = we  shall  have, 

by  integrating  and  extending  the  integration  over  the  whole  of  this 
spherical  surface, 

= Jdfx,d7!r,Q<>'^  { + &c.}. 

Which  equation,  by  the  known  properties  of  the  functions  and 
reduces  itself  to 

0 = 


when  h and  i represent  different  whole  numbers.  But  by  means  of  a 
formula  given  by  Laplace  {Mec.  Cel.  Liv.  iii.  No.  17.)  we  may  imme- 
diately effect  the  integration  here  indicated,  and  there  will  thus  result 


0 = 


2/«  + 1 


V'{h)  . 

1 » 


F/^*^  being  what  F/^'  becomes  by  changing  di,  ts-i  into  0/,  -zir/,  and  as 
the  values  of  these  last  co-ordinates,  which  belong  to  p,  may  be  taken 
arbitrarily  like  the  first,  we  shall  have  generally  Fi®,  except  when 
h = i.  Hence,  the  expansion  (6)  reduces  itself  to  a single  term,  and 
becomes 

F®  = Fi®. 

We  thus  see  that  the  function  F^'^  continues  of  the  same  form  even 
when  referred  to  any  other  system  of  axes  W,  Fj,  Zj,  having  the  same 
origin  O with  the  first. 

This  being  established,  let  us  conceive  a spherical  surface  whose  center 
is  at  the  origin  O of  the  co-ordinates  and  radius  r,  covered  with  fluid, 
VoL.  V.  Part  I.  C 
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of  which  the  density  p = ; then,  if  da  represent  any  element  of 

this  surface,  and  we  afterwards  form  the  quantity 

r=fpda'^{g^)  = fr'^'-^da'i.{g^); 

the  integral  extending  over  the  whole  spherical  surface,  g being  the 
distance  p,  da  and  \|/  the  characteristic  of  any  function  whatever.  I 
say,  the  resulting  value  of  V will  be  of  the  form 


R being  a function  of  r,  the  distance  Op  only  and  what  becomes 
by  changing  6’,  -sr',  the  polar  co-ordinates,  into  B,  -zsr,  the  like  co-ordinates 
of  the  point  p. 

To  justify  this  assertion,  let  there  be  taken  three  new  axes  Xx,  Y^, 
so  that  the  point  p may  be  upon  the  axis  Xx ; then,  the  new  polar 
co-ordinates  of  da  may  be  written  r\  9',  -zir',  those  of  p being  r,  0,  "sr, 
and  consequently,  the  distance  will  become 

g = \/{r^  - 2 rr'  cos  0/  + ?'^) ; 
and  as  da  =r'^d9x  d-sri  sin  9i,  we  immediately  obtain 

Y = f Y'^^^r'^dOi  d-sTi  sin  9i  {r‘-  — 2 rr  cos  B(  + r'-') 

— sin  Bi  (r^  — 2rr'  cos  9/  -|- r"^)J''^'^d'Wi'  Y'^‘\ 


Let  us  here  consider  more  particularly  the  nature  of  the  integral 


In  the  preceding  part  of  the  present  article,  it  has  been  shown  that 
the  value  of  Y'^\  when  expressed  in  the  new  co-ordinates,  will  be  of 
the  form  ; but  all  functions  of  this  form  (Vide  Mec.  Cel.  Liv.  iii.) 
may  be  expanded  in  a finite  series  containing  2 ^ + 1 terms,  of  which 
the  first  is  independent  of  the  angle  'nr/,  and  each  of  the  others  has 
for  a factor  a sine  or  cosine  of  some  entire  multiple  of  this  same  angle. 
Hence,  the  integration  relative  to  ts-I  will  cause  aU  the  last  mentioned 
terms  to  vanish,  and  we  shall  only  have  to  attend  to  the  first  here. 
But  this  term  is  known  to  be  of  the  form 


i.i—1 
2.2?  — 1 


'i-2  I 

Ml  + 


i.i  — l.i  — 2.i—3 
2.4.2?-1.2?-3 


nix 


'i-4 
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and  consequently,  there  will  result 


i.i—1 

2.2le—  1 


Mi 


1.^  — 2.2  — 3 ,j 

2.4.22-1.22-3^' 


where  m/  = cos  0/  and  ^ is  a quantity  independent  of  0/  and  nr\,  but 
which  may  contain  the  co-ordinates  0,  tu-,  that  serve  to  define  the 
position  of  the  axis  Xi  passing  through  the  point  p. 


It  now  only  remains  to  find  the  value  of  the  quantity  k,  which  may 
be  done  by  making  0i'  = O,  for  then  the  line  r coincides  with  the  axis 
Xx,  and  during  the  integration  remains  constantly  equal  to  Y^\ 
the  value  of  the  density  at  this  axis.  Thus  we  have 


2 7rF(')  = 2 7r^ 


2.2—1  2.2— 1.2  — 2.2  — 3 

2.22-1  2.4.22-1.22-3 


or,  by  summing  the  series  within  the  parenthesis,  and  supplying  the 
common  factor  2 7r, 


P"(0  _ 


1.2.3 2 , 

1.3.5 22-1 


and,  by  substituting  the  value  of  k,  drawn  from  this  equation  in  the 
value  of  the  required  integral  given  above,  we  ultimately  obtain 


r'<«  = 2.r  r® 

If  now,  for  abridgement,  we  make 
2.2—  1 


«i  - 


2.2  — 1 

2.22-1 


Ml 


'i-2 


&c 


(2)  = 


Ml'*  — 


2 . 2 2'  — 1 


Ml 


■ + 


2.4.22—  1.22  — 3 


Ml 


we  shall  obtain,  by  substituting  the  value  of  the  integral  just  found  in 
that  of  F before  given. 


r = r®.  (*■)  f - 2 rr'M,’  + r'n ; 


which  proves  the  truth  of  our  assertion. 


From  what  has  been  advanced  in  the  preceding  article,  it  is  likewise 
very  easy  to  see  that  if  the  density  of  the  fluid  within  a sphere  of 
any  radius  be  every  where  represented  by 

P = 
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(p  being  the  characteristic  of  any  function  whatever;  and  we  afterwards 
form  the  quantity 

r = fpdv  yjy 

where  dv  represents  an  element  of  the  sphere’s  volume,  and  ^ the  dis- 
tance between  dv  and  any  particle  j)  under  consideration,  the  resulting 
value  of  V will  always  be  of  the  form 

r= 

r 

Y^'^  being  what  Y'^'‘  becomes  by  changing  6^,  w,  the  polar  co-ordinates 
of  the  element  dv  into  d,  sr,  the  co-ordinates  of  the  point  p',  and  R 
being  a function  of  the  remaining  co-ordinate  of  only. 

4.  Having  thus  demonstrated  a very  general  property  of  functions 
of  the  form  Y^^,  let  us  now  endeavour  to  determine  the  value  of  V 
for  a sphere  whose  radius  is  unity,  and  containing  fluid  of  which  the 
density  is  every  where  represented  by 

p = y,  X) ; 

x,  y,  z being  the  rectangular  co-ordinates  of  dv,  an  element  of  the 
sphere’s  volume,  and  J",  the  characteristic  of  any  rational  and  entire 
function  whatever. 

For  this  purpose  we  will  substitute  in  the  place  of  the  co-ordinates 
x',  y , z their  values 

X — r cos  d'\  y = r sin  & cos  -ar':  z = r sin  O'  sin  w ; 

and  afterwards  expand  the  function f{x',  y',  x)  by  I.,aplace’s  simple  method, 
{Mec.  Cel.  Liv.  iii.  No.  16.).  Thus, 

(7) f{x,  y',  z)  =/'(«) + 

s being  the  degree  of  the  function  f{x',  y , z). 

It  is  likewise  easy  to  perceive  that  any  term  of  this  expansion 
may  be  again  developed  thus, 

/'«  =/;«/•'*  + &c.; 

and  as  every  coefficient  of  the  last  developement  is  of  the  form  JJ 
{Mec.  Cel.  Liv.  iii.),  it  is  easy  to  see  that  the  general  term  may 

alw'ays  be  reduced  to  a rational  and  entire  function  of  the  original 
co-ordinates  x,  y,  z. 
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If  now  we  can  obtain  the  part  of  V due  to  the  term 

we  shall  immediately  have  the  value  of  V by  summing  all  the  parts 
corresponding  to  the  various  values  of  which  i and  t are  susceptible. 
But  from  what  has  before  been  proved  (Art.  3.),  the  part  of  V now 
under  consideration  must  necessarily  be  of  the  form  ; representing, 
therefore,  this  part  by  we  shall  readily  get 

r/-)  {l-ryfclTu-'de'  sin 


Moreover  from  what  has  been  shown  in  the  same  article,  it  is  easy 
to  see  that  we  have  generally 


sin  O^ig")  = 2 tt  F®  ^ | 3 (f)  '^(r^-2r/W  + r'-) ; 


\//  being  the  characteristic  of  any  function  whatever,  and  F^'^  what  F'*'* 
becomes  by  substituting  0,  ts-  the  polar  co-ordinates  of  p in  the  place 
of  9',  -zs-',  the  analogous  co-ordinates  of  the  element  dv.  If  therefore 
in  the  expression  immediately  preceding,  we  make 

F®  =/'«  and  (g^)  =g^-^  = {g^)~, 


and  substitute  the  value  of  the  integral  thus  obtained  for  its  equal  in 
ly  there  will  arise 


(8)  F/*)=27r/ 


(0 


1.3.5...2/-1 

1.2.3,..i 


- 2/’rVi  + r')  ' 


1-^ 

2 . 


where  is  deduced  from  by  changing  9',  ’sr  into  9,  -ar,  and  (^),  for 
abridgement,  is  written  in  the  place  of  the  function 


Ml 


i.i—1 
2 . 2^  — 1 


' e-2  , 

M 1 + 


t.i— l.i  — 2.i  — 3 
2.4.2«-1.2e-3 


Ml 


'j  — 4 


— &c. 


As  the  integral  relative  to  which  enters  into  the  expression  on 
the  right  side  of  the  equation  (8)  is  a definite  one,  and  depends  therefore 
on  the  two  extreme  values  of  m'i  only,  it  is  evident  that  in  the  deter- 
mination of  this  integral,  it  is  altogether  useless  to  retain  the  accents 
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by  which  fj.\  is  affected.  But  by  omitting  these  superfluous  accents, 
we  shall  have  to  calculate  the  value  of  the  quantity 


where 


l^n 

(?)  . {r^—^rr'/uL  + /*)  ^ ; 


(i)  = m' 


i.i—1  — -3 

2.2?- 1 ^ 2.4.2?-1.2?-  3 


The  method  which  first  presents  itself  for  determining  the  value  of 

1— n 

the  integral  in  question,  is  to  expand  the  quantity  (r^  — 2r/yu  + 0 ^ ^7 
means  of  the  Binomial  Theorem,  to  replace  the  various  powers  of  n by 
their  values  in  functions  similar  to  (?)  and  afterwards  to  effect  the  in- 
tegrations by  the  formulee  contained  in  the  third  Book  of  the  Mec.  Cel. 
For  this  purpose  we  have  the  general  equation 


(9) 


i.i—1  ..  l.i  — 2.1  — 3 

2.2?-!^*“  ^ 2.4.2?-3.2?-5  ^ 


+ 


?.?'-  1.?  — 2.?-  3.?-  4.?  — 5 
2.4.6.2?-5.2?-7.2?-9 


(?  - 6)  + &c. 


To  remove  all  doubt  of  the  correctness  of  this  equation,  we  may 
multiply  each  of  its  sides  by  y.,  and  reduce  the  products  on  the  right 
by  means  of  the  relation 


M («)  = (^■  + 1)  + 


2?  — 1 . 2?  + 1 


which  it  is  very  easy  to  prove  exists  between  functions  of  the  form  (?‘). 
In  this  way  it  will  be  seen  that  if  the  equation  (9)  holds  good  for  any 
power  m'  it  will  do  so  likewise  for  the  following  power  /u’+',  and  as  it 
is  evidently  correct  when  ? = 1 , it  is  therefore  necessarily  so,  whatever 
whole  number  ? may  represent. 

Now  by  means  of  the  Binomial  Theorem,  we  obtain  when  rir 

1— n 

— 2 r?''/ui  + 0 ^ ’pi) 

= -2.4.6  2r-  - F-)  ’ 

If  now  we  conceive  the  quantity  — to  be  expanded  by 
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the  same  theorem,  it  is  easy  to  perceive  that  the  term  having 
for  factor  is 

n — + 2 w+2e  + 4^'-3 


I + St' 


i+2t' 


+ 


2 . 4 . 6 2i  + 4#'  \r'l 

ti-\.n  + l ?*  + 2?  + 4^'-5  i+ot,_2 

2 . 4 2e  + 4^'-2  ^ ' V//  1 

w-l.w  + 1 w + 2e  + 4#'-7,^  * + 2^- 2.2  + 2^'-3 

2 . 4 ... 

— &c 


22  + 4tt 


&C. 


/4-  1 

&c.. 


and  therefore  the  coefficient  of  ( in  the  expansion  of  the  function 

1^1  — 2yU  + -p^j  , 


will  be  expressed  by 

22-1. 22  + 1 22  + 22‘  + 4^'— 25-3 


(2/a)'+^‘-^^(-ly 


2 . 4 22  + 4^'— 25 

2 + 2^'  — 5.2  + 2/  — 5— 1 2 + 2/  — 25+  1 


2 


Hence  the  portion  of  this  coefficient  containing  the  function  (2),  when 
the  various  powers  of  /x  have  been  replaced  by  their  values  in  functions 
of  this  kind  agreeably  to  the  preceding  observation  will  be  found,  by 
means  of  the  equation  (9),  to  be 

...  „22— 1.22  + 1 22  + 22  + 4/  — 25—  3 

2 . 4 22' + 4/  — 25 

2 + 2/ - 25. 2' + 2/  — 25-1 2’  + ! 

^ 2.4 2/  — 25x22‘  + 2/  — 25  + 1.22  + 2/— 25— 1...22'  + 3 

2 + 2/  - 5. 2 + 2/ - 5— 1 2 + 2/— 25+1 


2»  + 2‘'-2^  X 

'yr 

= (2)2 


1.2.3  5 

22-1.22  + 1.22  + 3 22  + 22+ 4/  — 25  — 3 


2.4.6 


22  + 4/  — 25 


.2*+*‘'-2*(-iy 
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^ + 1 . ^ + 2 . 2 ’ + 3 . ^ + 4 i + 9,t'  — s 


= 2L(e).2 


1.2.3 5x2. 4. 6 2/'  — 25x2/ + 2/'  — 25  + 1 2/ + 3 

( — 1)'.  w — 1 . w + 1 . w + 3 w + 2 / + 4 - 25  - 3 

2.4 2/x2.4 25x2.4 2/'  — 25x2/ + 2/'  — 25+1. ..2 / + 3 

3.5.7 2/  + 1 ...  w-l.w  + l.w  + 3 w + 2/4  2/'-3 

(0  X 


1.2.3 

x2.(-l) 


I ' ' 3.5.7  2/+2/'  + 1 

+ 2/  + 2/'  — 1 w + 2/ + 4/'  — 25  — 3 


2.4.6  2/' -25 

2/  + 2^'-25+  3 2/ + 2/!'  + 1 


2.4.6 


25 


where  all  the  finite  integrals  may  evidently  be  extended  from  5=0 
to  5 = 00 , and  it  is  clear  that  the  last  of  these  integrals  is  equal  to  the 
coefficient  of  x'^'  in  the  product 

, w + 2/  + 2^'  — 1 « + 2/ + 2/' — 1 . w + 2/ + 2/'  + 1 „ . • • 

U+  2 ^ + ST-I tninf.\ 


2/  + 2/'  + l . 
X {1 ^ ^ + 


2.4 

2/  + 2/'  + l .2/  + 2#'- 1 , 


2 . 4 


x?  — hQ..  in  inf.\ 


If  now  we  write  in  the  place  of  the  series  their  known  values,  the 
preceding  product  will  become 


n + 2i+2i'-l 


2*  + 2r  + l 


(1-a;)  x(l-a;)  =(l_a;)^ 

and  consequently  the  value  of  the  required  coefficient  of  a:''  is 
w — 2 . w . w + 2 n + 2/'—  4 


2 .4.  6 


2/' 


This  quantity  being  substituted  in  the  place  of  the  last  of  the  finite 
integrals  gives  for  the  value  of  that  portion  of  the  coefficient  of 


/^y+2t'  . f r r^\ 


r^\~ 


which  contains  the  function  (/)  the  expression 

3.5.7 2/  + 1 w — l.w  + 1 w + 2/  + 2/'-3  w — 2.w w + 2/'— 4,.. 

X — -■  X :r-:^ (/). 


1.2.3 i 


3 . 5 2/  + 2f  + l 


2 . 4. 


2f 
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By  multiplying  the  last  expression  by  1 , and  taking  the  sum 

of  all  the  resulting  values  which  arise  when  we  make  successively 
t'  = 0,  1,  2,  3,  4,  5,  6,  &:c.  in  infinitum, 
we  shall  obtain  the  value  of  the  term  contained  in  the  expression 


+ + F<^>  + F(=^)  + F(^>  + 


&c. 


Hence, 


3.5 4- 1 . .X  „ n-  1 . « + 1 w + 2^  + 2^'  — 3 

(e)2 


1.2 i ^""“3.5  2/  + 2^'  + l 

n-2.n n + 2t'  — 4! 


2.4 2t'  \r 

the  finite  integral  extending  from  t'  = 0 to  t'=  cc . 

But  by  the  known  properties  of  functions  of  this  kind,  we  have 
by  substituting  for  F^'^  its  value 

1 — « 

f.]d^  (<■)  (i  - (*•) . F® 

3.5.7 2z  + l ,,  + l n + 2i  + 2t' -3 

= 1.2.8 3-.  5-"::  2^+^+r~ 

n — 2.n ra  + 2^'  — 4 


2.4 2if' 

1.2.3 i — l.w  + l w + 2e  + 2/'— 3 

1.3.5 2i-l^  3 . 5 2i  + 2t'  + 2 

n — 2.n ;^  + 2^'  — 4 f 


= 2 


2.4 2t' 

since  by  what  Laplace  has  shown  (Mec.  Cel.  Liv.  iii.  No.  17.) 

2 /I.  2. 3 i 


2i  + l Vl.3.5 2e-l/  ’ 

D 


VoL.  V.  Part  I. 
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If  now  we  restore  to  fx  the  accents  with  which  it  was  originally 
affected,  and  multiply  the  resulting  quantity  by  we  shall  have  when 
r < r 


(10)  S-\cU,{i)  (0  ( 1 - 2M'ip  + ^ 


ir\~ 


.V 

'V 


= 2 . / 


1.2.3.. 


1 .3.5 2i-l 


ti  — l.ni-1 w + 2 i + 2^'  — 3 

3 . 5 2i+2^'+l 


^ n — 2.ti w + 2^' - 4 

^ 2.4 2?  vj 

and  in  order  to  deduce  the  value  of  the  same  integral  when  r'  z r,  we 
shall  only  have  to  change  r into  r,  and  reciprocally,  in  the  formula 
just  given. 

We  may  now  readily  obtain  the  value  of  by  means  of  the 
formula  (8).  For  the  density  corresponding  thereto  being 


it  follows  from  what  has  been  observed  in  the  former  part  of  the 
present  article,  that  may  always  be  reduced  to  a rational  and 

entire  function  of  x',  y,  z'  the  rectangular  co-ordinates  of  the  element 
dv,  and  therefore  the  density  in  question  will  admit  of  being  expanded 
in  a series  of  the  entire  powers  of  x,  y',  % and  the  various  products  of 
these  powers.  Hence  (Art.  1.)  F/*’  admits  of  a similar  expansion  in 
entire  powers,  Sec.  of  x,  y,  z the  rectangular  co-ordinates  of  the  point  p, 
and  by  following  the  methods  before  exposed  Art.  I and  2,  we  readily 
get 


F;"(«  = 47r f fir {l-r'y.  2 


w - 1 . « -h  1 « + 2e  4-  2/  — 3 

3 . 5 2e-h2f-|-l 


« - 2 . w . w -t-  2 71  -t-  2f  — 4 

2 .4.  6 TTTT  2?  V/ 


and  thence  we  have  ultimately. 


(11) 


n — \ .71  + 1 
3 . 5 


7i  + %i  + 2jf'  - 3 
, 2e  + 2^'  + l 


71-2.71 71  + 9.1'  - 4 

2.4 2?^ 
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— + 4>  — n 

2 


r(/3  + i)  r(/3  + i)r 

= 27r/®.- 


4>  — n 
2 


2/  — 2 + 2/3  + 6 — w 
2 


4 — 7^.6— w 2t—2t'+2  — n 

6 + 2i3-w 2^-2^'+2/3  + 4-w 


6 + 2 ^ — w 
2 


w — 2 . n n + 2^'  - 4 


2.4. 


2^' 


w — 1 . w + 1 w + 2«  + 2^^  - 3 

^ “3“7~5^TTT^7~27+'27n~  ’ 

the  finite  integrals  being  taken  from  f = 0 to  f = x and  F being  the 
characteristic  of  the  well  known  function  Gamma,  which  is  introduced 
when  we  effect  the  integrations  relative  to  r'  by  means  of  the  formula 
(3),  Art.  1. 


Having  thus  or  the  part  of  V corresponding  to  the  term 
in  fix' , ij , %')  we  immediately  deduce  the  complete  value  of  V by  giving 
to  i and  t the  various  values  of  which  these  numbers  are  susceptible, 
and  taking  the  sum  of  all  the  parts  corresponding  to  the  different  terms 
in  the  expansion  of  the  function  fif,  y',  %'). 


Athough  in  the  present  Article  we  have  hitherto  supposed  f to  be 
the  characteristic  of  a rational  and  entire  function,  the  same  process  will 
evidently  be  applicable,  provided  f(x',  y,  %)  can  be  expanded  in  an 
infinite  series  of  the  entire  powers  of  x,  y,  s'  and  the  various  products 
of  these  powers.  In  the  latter  case  we  have  as  before,  the  development 

f{x,  y,  =/'(«)  +/'(»  +/'(^)  +/'(3)  + &c. 

of  which  any  term,  as  for  example  may  be  farther  expanded  as 
follows, 

/'«= /;«/“+ &c. 

and  as  we  have  already  determined  Vf  or  the  part  of  V corresponding 
to  we  immediately  deduce  as  before  the  required  value  of  V, 

the  only  difference  is,  that  the  numbers  i and  t,  instead  of  being  as 
in  the  former  case  confined  within  certain  limits,  may  here  become  in- 
definitely great. 

D 2 
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In  the  foregoing  expression  (11)  may  be  taken  at  will,  but  if  we 
assign  to  it  such  a value  that  — - — may  be  a whole  number,  tlie 


series  contained  therein  will  terminate  of  itself,  and  consequently  the 
value  of  Vi^'>  will  be  exhibited  in  a finite  form,  capable  by  what  has 
been  shown  at  the  beginning  of  the  present  Article  of  being  converted 
into  a rational  and  entire  function  of  x,  y,  %,  the  rectangular  co-ordinates 
of  p.  It  is  moreover  evident,  that  the  complete  value  of  V being  com- 
posed of  a finite  number  of  terms  of  the  form  V^''^  will  possess  the  same 
property,  provided  the  function  f{x,  y,  »')  is  rational  and  entire,  which 
agrees  with  what  has  been  already  proved  in  the  second  Article,  by  a 
very  different  method. 


(5)  We  have  before  remarked,  (Art.  2.)  that  in  the  particular  case 

where  /3  = — the  arbitrary  constants  contained  in  f{x,  y\  z)  are  just 

sufficient  in  number  to  enable  us  to  determine  this  function,  so  as  to 
make  the  resulting  value  of  equal  to  any  given  rational  and  entire 
function  of  x,  y,  %,  the  rectangular  co-ordinates  of  p>,  and  have  proved 
that  the  corresponding  functions  V and  f will  be  of  the  same  degree. 
But  when  this  degree  is  considerable,  the  method  there  proposed  becomes 
impracticable,  seeing  that  it  requires  the  resolution  of  a system  of 

.5  + 1. 5 + 2. 5 + 3 

~i  ~r~^  . 3 

linear  equations  containing  as  many  unknown  quantities ; s being  the 
degree  of  the  functions  in  question.  But  by  the  aid  of  what  has  been 
shown  in  the  preceding  Article,  it  will  be  very  easy  to  determine  for 
this  particular  value  of  /3  the  function  f{x,  y,  z)  and  consequently  the 
density  p when  V is  given,  and  we  shall  thus  be  able  to  exhibit  the 
complete  solution  of  the  inverse  problem  by  means  of  very  simple 
formulas. 

For  this  purpose,  let  us  suppose  agreeably  to  the  preceding  remarks, 
that  p the  density  of  the  fluid  in  the  element  dv  is  of  the  form 


Mr  green,  on  THE  LAWS  OF  THE  EQUILIBRIUM  OF  FLUIDS.  29 


f being  the  characteristic  of  a rational  and  entire  function  of  the  same 
degree  as  V,  and  which  we  will  here  endeavour  so  to  determine,  that 
the  value  of  V thence  resulting,  may  be  equal  to  any  given  rational 
and  entire  function  of  x,  y,  % of  the  degree  s. 


Then  by  Laplace’s  simple  method  {Mec.  Cel.  Liv.  iii.  No.  16.)  we 
may  always  expand  V in  sl  series  of  the  form 

r=  + &c + 

In  like  manner  as  has  before  been  remarked,  we  shall  have  the 
analogous  expansion 

f{x,  y',  =/'(o) +/'(•) +/'(2)+/'(3)+  &c +/n 

of  which  any  term  for  example,  may  be  farther  developed  as  follows, 

+ &c.  = (/'(‘>  + &c.) 

fo^\  ^c.  being  quantities  independent  of  r and  all  of  the  form 

(^Mec.  Cel.  Liv.  iii.)  Moreover  the  part  of  V due  to  the  general 

71  ^ 

term  of  the  last  series,  will  be  obtained  by  writing  — — for  /3 

/ml 

in  the  equation  (11),  and  afterwards  substituting  for 
■ r ('-^)  r [^)  its  value 

In  this  way  we  get 

+ 

' w-2  \ 2.4  2^-2^ 

— — TT 
2 / 


TT 


sm 


w — 2 
2 


w - 2 . w w + 2^'  — 4 n — \.7i  + l + 2^  + 2^'  — 3 

2.4 2?  ^ 3“T“5~y7^^Tr'^IT27Ti~’ 


being  what  becomes  by  changing  6',  ■ar'  into  0,  ■ar,  and  the  finite 
integral  being  taken  from  t'  = 0 to  /'  = co  . 

Let  us  now  for  a moment  assume 


<?«')= 


w — 2 . n n + 2#'—  4 

2.4 2? 


— l.w  + 1 /i4-2*  + 2#'  — 3 

^ 3 . 5 2?  + 2^'  + l ’ 
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then  the  expression  immediately  preceding  may  be  written 
(j)  _ 4 — W.6  — w 2#— 2^'  + 2-w 


= 


sin  ^ 


n—  2 


2 


2 . 4 


(p  {t') . 


and  by  giving  to  t the  various  values  0,  1,  2,  3,  &c.  of  which  it  is  sus- 
ceptible, and  taking  the  sum  of  all  the  resulting  values  of  VP''^  the  quantity 
thus  obtained  will  be  equal  to  or  that  part  of  V which  is  of  the 


form  Thus  we  get 


y^')  — 


Sin 


0(0)./ 


(i) 


2 . 4 
4— W.6  — W.8-  w 


2 4 .6  ^ 2 . 4 

+ &c &c... 


2 

4 - w . 6 71^^^ 4^ ^ ( 2)/'\  r'  + 0 (3 )/<■>. r” 


.&c. 


since  all  the  terms  in  the  preceding  value  of  in  which  t'  >t  vanish 
of  themselves  in  consequence  of  the  factor 

'2t—  2^'  + 4 — 71^ 


4 — w . 6 — w 2^  — 2/'  + 2 — « 


2 


2 


2t-2t' 


= 0 (when  t'  >t). 


Hut  as  deduced  from  the  given  value  of  V may  be  expanded  in 
a series  of  the  form 

r » = r\{  7^-h&cc.\ 

and  if  in  order  to  simplify  the  remaining  operations,  we  make  generally 

71  — 2.71 W + 2^-4  71-1.77  + 1 w + 2^  + 2/— 3 


sm 


27r^ 

71  — 2 


2.4. 


2t 


3 . 5 


2i  + 2f+l 
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27r® 


Sin 


n-% 


2 


■ TT 


X 0(0  . W, 


the  equation  immediately  preceding  will  become 


V^')  = 


sm 


— 2 

~2 


X {(p{0) . + 0(1).  + 0 (2)  r'  + he. 


which  compared  with  the  foregoing  value  of  will  give  by  suppressing 


the  factor 


common  to  both,  and  equating  separately  the 


coefficients  of  the  different  powers  of  the  indeterminate  quantity  r the 
following  system  of  equations 


rrm-  /•»)+  inii  /;(»+  4-b.6-«.8-« 


2 2.4 

4 — w 4 — w . 6 — w 


2 . 4 


+ &c. 


4~  w 
“ 2 


+ 


4 — n .Q  — n 
2 . 4 


//)  + &c. 


(SiC  = ...&c 


&c 


&c. 


for  determining  the  unknown  functions  fi'\  he.  by  means  of  the 

known  ones  Uo^\  Ui^\  he.  In  fact  the  last  equation  of  the  system 
gives  17/'^=  and  then  by  ascending  successively  from  the  bottom  to 
the  top  equation,  we  shall  get  the  values  of  /‘IV,  /,%,  he.  with 

very  little  trouble.  It  will  however  be  simpler  still  to  remark,  that  thie 
general  type  of  all  our  equations  is 

C7«=  (l-6)^/«, 


where  the  symbols  of  operation  have  been  separated  from  those  of 
quantity  and  e employed  in  its  usual  acceptation,  so  that 

_ f(i)  _ rii)  _2  fii)  — „ /•(i)  _ /•(O 

%/m  — </m  + 15  ^ t/**  — e/K+25 
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But  it  is  evident  we  may  satisfy  the  last  equation  by  making 


Expanding  now  and  replacing  &c.  by  these  values 

&c.  we  get 


/.">=  W'+  2^  US,  + ” ^ US,  + 


n - ^ .11  — 2.  n 

2 . 4 76 


Uu%  + &ic., 


from  which  we  may  immediately  deduce  and  thence  successively 

fix,  y',  a;')  =/'(“)  +/'(') +/'(^)  + &c +/' 

and  p=  (1  - x-  - if- -%')  " .fix’,  y,  %). 


Application  of  the  general  Methods  exposed  in  the  iweceding  Articles 
to  Spherical  conducting  Bodies. 

(6)  In  order  to  explain  the  phenomena  which  electrified  bodies 
present.  Philosophers  have  found  it  advantageous  either  to  adopt  the 
hypothesis  of  two  fluids,  the  vitreous  and  resinous  of  Dufay  for 
example,  or  to  suppose  with  ^Epinus  and  others,  that  the  particles  of 
matter  when  deprived  of  their  natural  quantity  of  electric  fluid,  possess 
a mutual  repulsive  force.  It  is  easy  to  perceive  that  the  mathematical 
laws  of  equilibrium  deducible  from  these  two  hypotheses,  ought  not  to 
differ  when  the  quantity  of  fluid  or  fluids  (according  to  the  hypothesis 
we  choose  to  adopt)  which  bodies  in  their  natural  state  are  supposed 
to  contain,  is  so  great,  that  a complete  decomposition  shall  never  be 
effected  by  any  forces  to  which  they  may  be  exposed,  but  that  in 
every  part  of  them  a farther  decomposition  shall  always  be  possible  by 
the  application  of  still  greater  forces.  In  fact  the  mathematical  theory 
of  electricity  merely  consists  in  determining  p*  the  analytical  value  of 


* It  may  not  be  improper  to  remark  that  p is  always  supposed  to  represent  the  density 
of  the  free  fluid,  or  that  which  manifests  itself  by  its  repulsive  force ; and  therefore,  when 
the  hypothesis  of  two  fluids  is  employed,  the  measure  of  the  excess  of  the  quantity  of  either 

fluid 
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the  fluid’s  density,  so  that  the  whole  of  the  electrical  actions  exerted 
upon  any  point  p,  situated  at  will  in  the  interior  of  the  conducting 
bodies  may  exactly  destroy  each  other,  and  consequently  p have  no 
tendency  to  move  in  any  direction.  For  the  electric  fluid  itself,  the 
exponent  n is  equal  to  2,  and  the  resulting  value  of  p is  always  such 
as  not  to  require  that  a complete  decomposition  should  take  place  in 
the  body  under  consideration,  but  there  are  certain  values  of  n for  which 
the  resulting  values  of  p will  render  fpclv  greater  than  any  assignable 
quantity ; for  some  portions  of  the  body  it  is  therefore  evident  that 
how  great  soever  the  quantity  of  the  fluid  or  fluids  may  be,  which 
in  a natural  state  this  body  is  supposed  to  possess,  it  will  then  become 
impossible  strictly  to  realize  the  analytical  value  of  p,  and  therefore  some 
modification  at  least  will  be  rendered  necessary,  by  the  limit  fixed  to 
the  quantity  of  fluid  or  fluids  originally  contained  in  the  body,  and 
as  Dufay’s  hypothesis  appears  the  more  natural  of  the  two,  we  shall 
keep  this  principally  in  view,  when  in  what , follows  it  may  become 
requisite  to  introduce  either. 

7.  The  foregoing  general  observations  being  premised,  we  will  proceed 
in  the  present  article  to  determine  mathematically  the  law  of  the  density 
p,  when  the  equilibrium  has  established  itself  in  the  interior  of  a con- 
ducting sphere  A,  supposing  it  free  from  the  actions  of  exterior  bodies, 
and  that  the  particles  of  fluid  contained  therein  repel  each  other  with 
forces  which  vary  inversely  as  the  power  of  the  distance.  For  this 
purpose  it  may  be  remarked,  that  the  formula  (1),  Art.  I,  immediately 
gives  the  values  of  the  forces  acting  on  any  particle  p,  in  virtue  of 
the  repulsion  exerted  by  the  whole  of  the  fluid  contained  in  A.  In 
this  way  we  get 
1 

. -j—  = the  force  directed  parallel  to  the  axis  JT, 

1 — n ax 


. -7—  = the  force  directed  parallel  to  the  axis  V, 

\—ndtj  ^ 

fluid  which  we  choose  to  consider  as  positive  over  that  of  the  fluid  of  opposite  name  in  any 
element  dv  of  the  volume  of  the  body  is  expressed  by  pdv,  whereas  on  the  other  hypothesis 
pdv  serves  to  measure  the  excess  of  the  quantity  of  fluid  in  the  element  dv  over  what  it 
would  possess  in  a natural  state. 

VoL.  V.  Part  I.  E 
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1 dV 

.-j—  = the  force  directed  parallel  to  the  axis  Z. 

\—ndz  ^ 


But  since,  in  consequence  of  the  equilibrium,  each  of  these  forces  is 
equal  to  zero,  we  shall  have 


« j dV  , dV  , 


and  therefore,  by  integration, 

V = const. 


Having  thus  the  value  of  V at  the  point  whose  co-ordinates  are 
X,  y,  %,  we  immediately  deduce,  by  the  method  explained  in  the  fifth 
article. 


P = 


seeing  that  in  the  present  case  the  general  expansion  of  V there  given 
reduces  itself  to 

V = 


If  moreover  Q serve  to  designate  the  total  quantity  of  free  fluid  in 
tlie  sphere,  we  shall  have,  by  substituting  for 


sm 


« — 2 
2 


its  value 


n-%\  „ /4  — ’ 


'w  — 2 

sin  I — ^r—  TT 


Q = ^pdv  = 


2 7r=* 


VJ'l^Trr'^dr  {\-r^)  * = 


(I) 


« + 1\  p /4  - n> 


I 2 j 


V. 


See  Legendre.  Exer.  de  Cal.  Int.  Quatrieme  Partie. 


In  the  preceding  values,  as  in  the  article  cited,  the  radius  of  the 
sphere  is  taken  for  the  unit  of  space ; but  the  same  formulae  may 


readily  be  adapted  to  any  other  unit  by  writing  — in  the  place  of  r' , 

and  recollecting  that  the  quantities  p,  V,  and  Q,  are  of  the  dimensions 
0,  4 — w,  and  3 respectively,  with  regard  to  space;  a being  the  number 
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which  represents  the  radius  of  the  sphere  when  we  employ  the  new 
unit.  In  this  way  we  obtain 


sin 


P = 


w — 2 

'a 


2 TT^'' 


V {a^  — r^)  2 , and  Q = 


'■  li,' 


w + 1 


4 — w 
2 


V. 


Hence,  when  Q,  the  quantity  of  redundant  fluid  originally  introduced 
into  the  sphere  is  given,  the  values  of  V and  of  the  density  p are  like- 
wise given.  In  fact,  by  writing  in  the  preceding  equation  for 

r(|)'  and  sin(^x), 


their  values,  we  thence  immediately  deduce 


n — 4 


2r 


and  r = 


w + 1 


4 - w 
2 


\/  TT 


fp  . Q. 


The  foregoing  formulee  present  no  difficulties  where  n > 2,  but  when 
w < 2,  the  value  of  p,  if  extended  to  the  surface  of  the  sphere  A,  would 
require  an  infinite  quantity  of  fluid  of  one  name  to  have  been  origi- 
nally introduced  into  its  interior,  and  therefore,  agreeably  to  a preceding 
observation,  coidd  not  be  strictly  realized.  In  order  then  to  determine 
the  modification  which  in  this  case  ought  to  be  introduced,  let  us  in 
the  first  place  make  n > 2,  and  conceive  an  inner  sphere  whose 

radius  is  a—^a,  in  which  the  density  of  the  fluid  is  still  defined  by 

the  first  of  the  equations  (12);  then,  supposing  afterwards  the  rest  of 

the  fluid  in  the  exterior  shell  to  be  considered  on  A’s  surface,  the  portion 

so  condensed,  if  we  neglect  quantities  of  the  order  ca,  compared  with  those 
retained,  will  be 


E 2 
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and  since,  in  the  transfer  of  the  fluid  to  A’s  surface,  its  particles  move 
over  spaces  of  the  order  only,  the  alteration  which  will  thence  be 
produced  in  will  evidently  be  of  the  order 

n — 2 n 

^ X , 

and  consequently  the  value  of  V will  become 

k being  a quantity  which  remains  finite  when  ha  vanishes. 


In  establishing  the  preceding  results,  u has  been  supposed  greater 
than  2,  but  p the  density  of  the  fluid  within  B and  the  quantity  of  it 
condensed  on  surface  being  still  determined  by  the  same  formula?, 

the  foregoing  value  of  V ought  to  hold  good  in  virtue  of  the  generality 
of  analysis  whatever  n may  be,  and  therefore  when  n is  a positive  quantity 
and  ha  is  exceedingly  small,  we  shall  have  without  sensible  errors 


2 


r 


a}-\  Q. 


Conceiving  now  B to  represent  the  density  of  the  fluid  condensed 
on  A'&  surface,  47r«^P' will  be  the  total  quantity  thereon  contained,  which 
being  equated  to  the  value  before  given,  there  results 


^ttC^  P 


a Qha  ^ , 


and  hence  we  immediately  deduce 


Moreover  as  Q represents  the  total  quantity  of  redundant  fluid  in  the 
entire  sphere  A,  the  quantity  contained  in  B is 
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If  now  when  n is  supposed  less  than  2,  we  adopt  an  hypothesis 
similar  to  Dufay’s,  and  conceive  that  the  quantities  of  fluid  of  opposite 
denominations  in  the  interior  of  A are  exceedingly  great  when  this 
body  is  in  a natural  state,  then  after  having  introduced  the  quantity  Q 
of  redundant  fluid,  we  may  always  by  means  of  the  expression  just 
given,  determine  the  value  of  la,  so  that  the  whole  of  the  fluid  of 
contrary  name  to  Q,  may  be  contained  in  the  inner  sphere  B,  the 
density  in  every  part  of  it  being  determined  by  the  first  of  the  equa- 
tions (12).  If  afterwards  the  whole  of  the  fluid  of  the  same  name  as 
Q is  condensed  upon  A's  surface,  the  value  of  V in  the  interior  of  B 
as  before  determined  will  evidently  be  constant,  provided  we  neglect 
indefinitely  small  quantities  of  the  order  la'^ . Hence  all  the  fluid  con- 
tained in  B will  be  in  equilibrium,  and  as  the  shell  included  between 
the  two  concentric  spheres,  A and  B is  entirely  void  of  fluid,  it  follows 
that  the  whole  system  must  be  in  equilibrium. 

From  what  has  preceded,  we  see  that  the  first  of  the  formulae  (12) 
which  served  to  give  the  density  p within  the  sphere  A when  n is 
greater  than  2,  is  still  sensibly  correct  when  n represents  any  positive 
quantity  less  than  2,  provided  we  do  not  extend  it  to  the  immediate 
vicinity  of  ^’s  surface.  But  as  the  foregoing  solution  is  only  approxi- 
mative, and  supposes  the  quantities  of  the  two  fluids  which  originally 
neutralized  each  other  to  be  exceedingly  great,  we  shall  in  the  follow- 
ing article  endeavour  to  exhibit  a rigorous  solution  of  the  problem, 
in  case  w < 2,  which  will  be  totally  independent  of  this  supposition. 

8.  Let  us  here  in  the  first  place  conceive  a spherical  surface  whose 
radius  is  a,  covered  with  fluid  of  the  uniform  density  P',  and  suppose 
it  is  required  to  determine  the  value  of  the  density  p in  the  interior 
of  a concentric  conducting  sphere,  the  radius  of  which  is  taken  for 
the  unit  of  space,  so  that  the  fluid  therein  contained,  may  be  in  equi- 
librium in  virtue  of  the  joint  action  of  that  contained  in  the  sphere 
itself,  and  on  the  exterior  spherical  surface. 
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If  now  V represents  the  value  of  V due  to  the  exterior  surface, 
it  is  clear  from  what  Laplace  has  shown,  {Mec.  Cel.  Liv.  ii.  No.  12.)  that 


racTJ-  ^ 


daP'  Q,TraP' 


(a- I ; 


(3  — 7i)r 

d(j  being  an  element  of  this  surface,  and  g being  the  distance  of  this 
element  from  the  point  p to  which  V is  supposed  to  belong. 

If  afterwards  we  conceive  that  the  function  V is  due  to  the  fluid 
within  the  sphere  itself,  it  is  easy  to  prove  as  in  the  last  article,  that 
in  consequence  of  the  equilibrium  we  must  have 

V + V = const. 

But  V and  consequently  V is  of  the  form  therefore  by  employ- 
ing the  method  before  explained,  (Art.  4.)  we  get 

fix,  y',  %)  =/'<“)  +//).  + &c.  = + B,r’^  + &c. ; 

where,  as  in  the  present  case,  &c.  are  all  constant 

(quantities,  they  have  for  the  sake  of  simplicity  been  replaced  by 

P\>  Pi} 

Hitherto  the  exponent  has  remained  quite  arbitrary,  but  by  making 
n — 2, 


/B  = 


the  formula  (11)  Art.  4.  will  become  when  i = Q, 


r 


r/'’>  = 27r2?r 


1)^ 


4 — 


^ 4 — ».6-» 2/— 2/'  + 2 — w 




r(2)  4.6  2^-2r+2 

W-2.W-1 w + 2^'-3 

""  2.3.4  2^  + l~ 


(/^-2)7^'iBt  ^ ,,,  4-W.6— w 2/— 2/'  + 2-»  w — 2.w— 1 w + 2^'— 3 

2 . . : r-T r-:,— .T-  X - 


sm 


w-2 


6 2^-2^'  + 2 


3 2^+1 


(living  now  to  t the  successive  values  0,  1,  2,  3,  &c.  and  taking 
the  sum  of  the  functions  thence  resulting,  there  arises 

v=  + F/")  + v.p  + rr  + &c. = s.  vp 

(«-2)7r"  ^ 4-W.6-W 2^-2/' + 2-W  w-2.w-l w+2/'-3 

;; r zr~T.  X 


sin 


W-2 


4.6.8 2/-2^'  + 2 


2 


3 2^  + 1 ’ 


where  the  sign  S is  referred  to  the  variable  t and  2 to  f. 
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Again,  by  substituting  for  V and  V their  values  in  the  equation 
V +V=  const,  and  expanding  the  function  V we  obtain 

w — 2 . w — 1 . w /^  + 2^'  - 3 


const.  = 47rP  «^"^.  E . 

a" 


2 . 3 .4. 


2^+1 


sin 


(w-2)7r^  7?  OJ/4-W.6-W 27-27'+2-w  W-2.W-1 w+2f+3 

(71-2  \ 4 . 6 2t-2f+2  ^ 2.3.4 27'+ 1 


2 


which  by  equating  separately  the  coefficients  of  the  various  powers  of 
the  indeterminate  quantity  r,  and  reducing,  gives  generally 



— + 


2 . 4 


2s 


Then  by  assigning  to  t'  its  successive  values  1,  2,  3,  &c.  there  results  for 
the  determination  of  the  quantities  JB^,  he.  the  following  system 

of  equations. 


2P' 


TT 


71  — 2 


= 2?„  + Bx  -h  —7^ ; — ^2  + 


2P' 

TT 

2 P' 


sin 


w - 2 
2 

/ w — 2 


TT 


2 


-TT 


2 2.4 

„ ^ 2 — 71  „ 2 — W.4  — w „ „ 

3 , 4 g.  + &:c. 

2- n -n  , 2-W.4-W 

Pa  H ; : P4  + 


.a-'  = B, 

..he 


2 " ' 2.4 

he he he he 

Ilut  it  is  evident  from  the  form  of  these  equations,  that  we  may  satisfy 
the  whole  system  by  making 

B,  = B^.a-\  B,  = B,.a-\  Bz  = Bi.cr\  B^  = Bi.cr\  he. 
provided  we  determine  Po  by 


2P 


2 


71  — 2 


2 — w . 4 - w 
2.4 


+ he.) 


Hence  as  in  the  present  case,  jS  = , we  immediately  deduce  the 

successive  values 


2P 


(71—2 


^ 2 — n 

/ \“T" 
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f(x',  y\  = + + + = (^1  - \ 


and  p = (1  - r"^)  y',  z')  = 


^P'a  . ln  — % 


2 


sin 


r)  ^ ... 


{a^  - (1  - r'^)  . 

In  the  value  of  p just  exhibited,  the  radius  of  the  sphere  is  taken 
as  the  unit  of  space,  but  the  same  formula  may  easily  be  adapted  to 

• • CL 

any  other  unit  by  writing  ^ and  ^ in  the  place  of  a and  r'  respectively, 
and  recollecting  at  the  same  time  that  in  consequence  of  the  equation 

const.  = V'= 

J ^ J ^ 

O O 


before  given,  , is  a quantity  of  the  dimension  — 1 with  regard  to 

space ; b being  the  number  which  represents  the  radius  of  the  sphere 
when  we  employ  the  new  unit.  Hence  we  obtain  for  a sphere  whose 
radius  is  bg,  acted  upon  by  an  exterior  concentric  spherical  surface 
of  which  the  radius  is  a. 


2P'a . sin 


(/3). 


n-2 


TT 


P = 


a^-¥)  ^ (rr'-O"'  ^ ; 


P being  the  density  of  the  fluid  on  the  exterior  surface. 


If  now  we  conceive  a conducting  sphere  A whose  radius  is  a,  and 
determine  P'  so  that  all  the  fluid  of  one  kind,  viz.  that  which  is  re- 
dundant in  this  sphere,  may  be  condensed  on  its  surface,  and  afterwards 
find  b the  radius  of  the  interior  sphere  B from  the  condition  that  it 
shall  just  contain  all  the  fluid  of  the  opposite  kind,  it  is  evident  that 
each  of  the  fluids  will  be  in  equilibrium  within  A,  and  therefore  the 
problem  originally  proposed  is  thus  accurately  solved.  The  reason  for 
supposing  all  the  fluid  of  one  name  to  be  completely  abstracted  from 
B,  is  that  our  formulte  may  represent  the  state  of  permanent  equilibrium, 
for  the  tendency  of  the  forces  acting  within  the  void  shell  included 
between  the  surfaces  A and  B,  is  to  abstract  continually  the  fluid  of 
the  same  name  as  that  on  A's  surface  from  the  sphere  B. 
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To  prove  the  truth  of  what  has  just  been  asserted,  we  will  begin 
with  determining  the  repulsion  exerted  by  the  inner  sphere  itself,  on 
any  point  p exterior  to  it,  and  situate  at  the  distance  r from  its  centre 
O.  But  by  what  Laplace  has  shown  {Mec.  Cel.  Liv.  ii.  No.  12.)  the 
repulsion  on  an  exterior  point  p,  arising  from  a spherical  shell  of  which 
the  radius  is  r',  thickness  dr  and  center  is  at  O will  be  measured  by 

2 7rr'  dr' p d (r  + rf  “ ” - (r  — rf  ~ ” 

l — n.3  — n'  dr ‘ r 

the  general  term  of  which  when  expanded  in  an  ascending  series  of 
r' 

the  powers  of  — is, 


— 2 + w X . w + 1 . w + 2 w + 2^  — 3 X w + 2^  — 1 , , 

+ 47r  . ;; ? ^ |Ortr, 


2.3.  4.5 


2^  + 1 


and  the  part  of  the  required  repulsion  due  thereto  will,  by  substituting 
for  p its  value  before  found,  become 

8P'  . /w-2  \ .3 
+ sin  — 


a 


2 


.Lf  -2  + WXW.W4-1 7i  + 2s-3x?i  + ls-l 


2.3.4 

,'2\  — ^ n — 2 


25  + 1 


X (^1-  y {H^-r"^)  r'^^^Ulr'. 

It  now  remains  to  find  the  value  of  the  definite  integral  herein  con- 
tained.  But  when  (1  — — j is  expanded,  and  the  integrations  are 
effected  by  known  formulge,  we  obtain 

(14)  M 1 - (5^  - r'^-)  ^ - r'Q  ^ . r'^^^Hlr’ 

^ a \ d J CL 


r - r 5 + ^+- 


r (5  + ^ + — + w) 


i 5 + 1 + w ^ 

— 


r X r 


( n 


+ 


25  + 3 ¥ ^ 

{1  + 7;--  . ^ Ta  + 


25  + 3.25  + 5 ¥ . , 

- + &c.( 


25  + 3 + 25  + 3 + w . 25  + 5 + w a* 

r 


2_/,2*  + l+n 

— gW 


(25  + 1 + w)  (1  — a;-)  ^ rx^^^"dx 


^ , 71  3 


x^ 


V 
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r f-')  r — 

= V2/  V2/  1.3.5  + (1  - x^)  rx^”dj: 

+ ■ 1 + // . 3 + ?/.5  + w 2^  — 1 + w ^ ^2s+i+« 


2 


(1  -xj 


Avhere  after  the  integrations  have  been  effected,  x ought  to  be  made 
equal  to  - . 


I'he  value  of  the  integral  last  found  being  substituted  in  the  expres- 
sion immediately  preceding,  and  the  finite  integral  taken  relative  to  s 
from  .9  = 0 to  ,9  = X gives  for  the  repulsion  of  the  inner  sphere. 


^nrJPh 


‘■(I 


{d‘-lr) 


2^n 

T’ 


X Zo 


2 / V 2 

/I  — 2 

w — 2.W.W  + 2 w-1-2#— 4 {1  — X-)  rx-‘^"dx 


2.4.6 


2s 


(1  —X  )"  r 
rj  ^is+l+n  J 


— 4<7r\/7rjP'd-r~’‘  » u-2  . n . ?^  + 2 w + 2.9-4  fa' 

j,  l'2-w^  “ 2.4.6  2.9 

since  T (-1)  = ^/tt,  sin  ^ tt")  = ^ 


(1-xY 
“j  f,dxaf^^'‘.(l-x^)~; 


riDrft"'' 


and  as  was  before  observed,  x = 

a 

Hut  we  have  evidently  by  means  of  the  binomial  theorem, 


2-n 


a'x‘\'-^  n — 2 .)i . n -\-2 w + 2^  — 4 

2.4.6  ......  27  w)  ’ 


and  therefore  the  preceding  quantity  becomes 
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rx 


If  now  we  make  a;  = — , the  same  quantity  may  be  written 


a 


(16). 


4 TT  .y/ TT  P'  a}~”f 


1 + « 
2 


f/x'^dx  (1  - a;'")  ^ (^1  - . 


Having  thus  the  value  of  the  repulsion  due  to  the  inner  sphere  P 
on  an  exterior  point  p,  it  remains  to  determine  that  due  to  the  fluid 
on  A'?,  surface.  But  this  last  is  represented  by 

1  2 iraP’  d.  (a  + r)®“”— («  — 

' 1 — n.S  — n dr  r 

{Mec.  Cel.  Liv.  ii.  No.  12.)  Now  by  expanding  this  function  there  re- 
sults 

2  — 


^■rrP'  a}~”r. 


3 


•{ 


, n.n  + \ + 1 . w + 2.W  + 3 ^ r'  . 

1 • r ^ ~ + , g ^ -3 

4.5  4 . 5 . 6 . 7 


7 + «'<=•} 


. nt  \ n 2 — w ^„^^.w  + l.w  + 2 w + 25— 1 , 

= 47rP'a^"”r.  — ^ . 2o  T c ^r— ('^‘  + 1)“^  • 

3 “4.5  . 6 2^  + 3 ' a~^ 


The  last  of  these  expressions  may  readily  be  exhibited  under  a finite 
form,  by  remarking  that 

ox—/,  r-af\=^  n.n-\-Q....n-\- 2s- Q, 

f\rdx(l-a?)  > (l  - - =/>  <^^(1-^-)  ■ S— 


w.w-f-2./«  + 4 n-\-2s  — 2 


2.4.6...  2s 

2.s-l-/z-M\  ^ /4  — w 


2 


2 


“““  2 4 6 .... 

2^ 

.rrr) 

- n 

X w.w-l-l.w  + 2 

W + 2^  — 1 

3 

■ 4.  5 . 6 

Hence,  since  V{\)  = tt, 

the 

value  of  the  repulsion  arising 

(^  + i)Sr.. 


surface  becomes 


^TT^TT.Pa}  ”.r  /-. 

-i- T flx"dx{\—x)  ^ 1 


2 


F 2 


44  Mr  green,  on  THE  LAWS  OF  THE  EQUILIBRIUM  OF  FLUIDS. 


Now  by  adding  the  repulsion  due  to  the  inner  sphere  which  is  given 
by  the  formula  (16),  we  obtain,  (since  it  is  evidently  indifferent  what 
variable  enters  into  a definite  integral,  provided  eacli  of  its  limits  re- 
main unchanged) 


iTT-v/TTP'r/''’';- 


] +n 


2 — w 


J'\x'(lx{\-x')^  (l- 


-x-\  — 

a 


«■ 


- / 
— jjx’‘(lx{\-x-)  ^ • (l 


4 TT  -y/ TT  . P rt'  ” r 


)l^x'‘dx{\  -X-)  ^ . 


r 


for  the  value  of  the  total  repulsion  upon  a ' particle  of  positive  fluid 
situate  within  the  sphere  A and  exterior  to  P.  We  thus  see  tliat 
when  P'  is  positive  the  particle  j)  is  always  impelled  by  a force  which 
is  equal  to  zero  at  P’s  surface,  and  which  continually  increases  as  p 
recedes  farther  from  it.  Hence,  if  any  particle  of  positive  fluid  is 
separated  ever  so  little  from  P’s  surface,  it  has  no  tendency  to  return 
there,  but  on  the  contrary,  it  is  continually  impelled  therefrom  by  a 
regularly  increasing  force ; and  consequently,  as  was  before  observed, 
the  equilibrium  can  not  be  permanent  until  all  the  positive  fluid  has 
been  gradually  abstracted  from  P and  carried  to  the  surface  of  A, 
where  it  is  retained  by  the  non-conducting  medium  with  which  the 
s])here  A is  conceived  to  be  surrounded. 

I.,et  now  q represent  the  total  quantity  of  fluid  in  the  inner  sphere, 
then  the  repidsion  exerted  on  p by  this  will  evidently  be 


qr~", 

when  r is  supposed  infinite.  Making  therefore  r infinite  in  the  expression 
(1.5),  and  equating  the  value  thus  obtained  to  the  one  just  given,  there 
arises 


<7  = 


- 4 TT  -v/ TT . P d' 


b ^ 

fj'dx.x"  (I  - a--)  . 


When  the  equilibrium  has  become  permanent,  q is  equal  to  the  total 
quantity  of  that  kind  of  fluid,  which  we  choose  to  consider  negative, 
originally  introduced  into  the  sphere  A ; and  if  now  </,  represent  the 
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total  quantity  of  fluid  of  opposite  name  contained  within  A,  we  shall 
have,  for  the  determination  of  the  two  unknown  quantities  P'  and  /a 
the  equations 


§'1  = 4 Tra~.P\ 
and  — = ^ 


1 + w 


2 — » 
2 


dxx^  (I  - X-)  , 


and  hence  we  are  enabled  to  assign  accurately  the  manner  in  which  the 
two  fluids  will  distribute  themselves  in  the  interior  of  ^ ^ and  q^,  the 
quantities  of  the  fluids  of  opposite  names  originally  introduced  into  A 
being  supposed  given. 

9.  In  the  two  foregoing  articles  we  have  determined  the  manner 
in  which  our  hypothetical  fluids  will  distribute  themselves  in  the  interior 
of  a conducting  sphere  A when  in  equilibrium  and  free  from  all  exterior 
actions,  but  the  method  employed  in  the  former  is  equally  applicable 
when  the  sphere  is  under  the  influence  of  any  exterior  forces.  In  fact, 
if  we  conceive  them  all  resolved  into  three  JT,  Y,  Z,  in  the  direction 
of  the  co-ordinates  x,  y,  s of  a point  jo,  and  then  make,  as  in  Art.  1, 

we  shall  have,  in  consequence  of  the  equilibrium, 


0 = 


\-7i  dx  ^ ’ 


1 dX 
1 — n dy 


r. 


0 = 


l — n d 


which,  multiplied  by  dx,  dy  and  d%  respectively,  and  integrated,  give 


const.  = - V + J{Xdx+ Ydy  + Zdz)’, 

where  Xdx+Ydy  + Zdz  is  always  an  exact  differential. 

We  thus  see  that  when  X,  Y,  Z are  given  rational  and  entire  functions 
Y will  be  so  likewise,  and  we  may  thence  deduce  (Art.  5.) 

p = {i-a;’'^^y"^-z''^)~  .fix',  y',  z'), 

where  f is  the  characteristic  of  a rational  and  entire  function  of  the  same 
degree  as  V. 
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The  preceding  method  is  directly  applicable  when  the  forces  X,  Y,  Z 
are  given  explicitly  in  functions  of  x,  y,  x.  But  instead  of  these  forces, 
we  may  conceive  the  density  of  the  fluid  in  the  exterior  bodies  as  given, 
and  thence  determine  the  state  which  its  action  will  induce  in  the  con- 
ducting sphere  A.  For  example,  we  may  in  the  first  place  suppose 
the  radius  of  A to  be  taken  as  the  unit  of  space,  and  an  exterior  con- 
centric spherical  surface,  of  which  the  radius  is  a,  to  be  covered  with 
fluid  of  the  density  U"^^:  being  a function  of  the  two  polar  co- 

ordinates 0"  and  -ar"  of  any  element  of  the  spherical  surface  of  the  same 
kind  as  those  considered  by  Laplace  {3Iec.  Cel.  Liv,  iii.).  Then  it  is 
easy  to  perceive  by  what  has  been  proved  in  the  article  last  cited,  that 
the  value  of  the  induced  density  will  be  of  the  form 

p = (1  - r"^)~  ; 

r',  O',  ’sr'  being  the  polar  co-ordinates  of  the  element  dv,  and  U'^‘^  what 
f /"(•)  becomes  by  changing  0",  tst"  into  O',  -ar'. 

Still  continuing  to  follow  the  methods  before  explained,  (Art.  4.  and  5.) 
we  get  in  the  present  case 

fix',  y',  z')  = =/<", 

and  by  expanding  f {r"^),  we  have 

= i?o  + B,r'^  + B,r'^  + B^r'^  + &:c. 

Hence,  = BtU'^‘\  and 


2^2f7(0^.i 


sm 


n — 2 
~2~ 


4 _ W.6  - n %t- 2^'  + 2 - n n-^.n n-V  2^'-  4 


2.4.6  2/-2^'  2.4 %t' 

w — 1 . w + 1 w -I-  2 ? -f  2 — 3 


3 . 5 2i-l-2^-l-l 

Then,  by  giving  to  t all  the  values  1,  2,  3,  &c.  of  which  it  is  sus- 
ceptible, and  taking  the  sum  of  all  the  resulting  quantities,  we  shall 
have,  since  in  the  present  case  V reduces  itself  to  the  single  term 

„ 27r^Z7“b-‘  //  4 — W.6  — w 2/  — 2^'  + 2 — w-2.w «-l-2^'  — 4 

V :r—  aSBjS?-"'  . — = ^ X 


sm 


2 . 4 2/-2r 

/i-l.w-Hl w + 2e-l-2^'-3_ 

^ 3.5  2*  + 2^-M  ’ 

the  sign  S belonging  to  the  unaccented  letter  /. 


2.4. 


2^ 
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If  now  V represents  the  function  analagous  to  V and  due  to  the 
fluid  on  the  spherical  surface,  we  shall  obtain  by  what  has  been  proved 
(Art.  3.) 

V = U^'\  27r«-  i ^ » ~ (*)  (^'  ~ ; 

L , .Z  ,o»«  • • • t 

{i)  representing  the  same  function  as  in  the  article  just  cited. 

INIoreover,  it  is  evident  from  the  equation  (10)  Art.  4,  that 

1.2.3 i ^71  — 1.71  + 1 w-f-2/  + 2/'-3 


3 . 5 2/  + 2^'+l 

71  — 2.71 7t  + 2t'—4<  + 


2.4. 


2t' 


and  consequently. 


(19). 


F'= 


71—1.71  + 1 ^^  + 2 / + 2 — 3 


3 . 5 2i  + 2/'  + l 

71  — 2.71 w + 2^'  — 4 + 


2.4. 


2t' 


a 


the  finite  integrals  extending  from  f = 0 to  f=<x>. 


Substituting  now  for  F'  and  F^'  their  values  in  the  equation  of  equi- 
librium, 

(20) const.  = F''  + V, 

we  immediately  obtain 


const.  = . 4 TT . S "■  ^ ^ 

71  -2.71 7l  + 2t'  - ^ 1 7'' 

^ 2 .4 2f  V« 


77  + 2i  + 2t'  - 3 
2i  + 2t'  -f  l 


« + 2t' 


2 TT"  jj^t)  C7?'9»'‘+2i'  ^ l.w  + 1 7i  + 2i^2t  3 

+ . ni-2  ^ ‘ ■ 3 . 5 2/  + 2/'-l 

1 2 

71  — 2.71 w4-2^'  — 4 4 — «.6--« 2^— 2^'-f  2 — 

2 .4 2?  ^ 2 . 4 2t-2t'  ’ 

the  constant  on  the  left  side  of  this  equation  being  equal  to  zero,  except 
when  e = 0. 
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By  equating  separately  the  coefficients  of  the  various  powers  of  the 
indeterminate  quantity  r,  we  get  the  following  system  of  equations : 


2 sin 


— 2 
2 


2 sin 

TT 

TT 

(n  — 2 \ 

2 sin 

I — 1 

V 2 ! 

, , 1 Tj  4 - w 4 - w . 6 — w „ 

ft’-”-'  = — — + B,  — — + &c. 

2 2.4 


^ + B,  + &c. 


+ 2j.  + &c. 


TT 

&c. 


.&c. 


2 ‘2.4 

&c 


But  it  is  evident  from  the  form  of  these  equations,  that  if  we  make 
generally  Bi+i  = cr^Bi,  they  will  all  be  satisfied  provided  the  first  is,  and 
as  by  this  means  the  first  equation  becomes 


^ . in  - 2 
2 sin  I — r — TT 


==  Boil  + + 


4 — « _2  4 — ^^.6  — « 


2 . 4 

n-4 


a~  + &c 


•) 


= J?o(l-0^  = Bofi^-Ha^-l)^  , 


there  arises 


2 sm 


in  — 2 


B.  = - 


2 


— 1)  , B^  = Bo.(r^,  Bi  = Bo.(r\  hcc. 


Hence 


f{r^)  = Bo  + By^  + By*  + &c.  = J5o  ( 1 + ^ + - + &c. 


n • (n  — 2 
2 sm  — TT 


= .Bo  1-  ^ = ^ 

\ a*  J TT 

and  the  required  value  of  p becomes 
(21) p=  C/'«  r'[  (1  - 


^ . in  — 2 \ 
2sm(— 


(a’  - 1 )*  =*a  tJ'W V . 
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But  whatever  the  density  P on  the  inducing  spherical  surface  may 
be,  we  can  always  expand  it  in  a series  of  the  form 

P = C7"®  + &c.  in  inf. 

and  the  corresponding  value  of  p by  what  precedes  will  be  ' 


2 sin 


n — 2 
2 


p = - 


a{a^  — l)^-  . — r'^) “ ^ (1  — 


M — 4 


X C7'«-  + + &c.  in  inf.l ; 


U'^°\  U'^^\  &c.  being  what  U"^^\  he.,  become  by  changing 

9",  or"  into  9',  tst',  the  polar  co-ordinates  of  the  element  dv.  But,  since 
we  have  generally 

[d9"di!r"  sin  0"PQ(‘)  = fd&'dxs-”  sin  9”  C7"«Q®  = C7«, 

2^  + l 

{3Iec.  Cel.  Liv.  iii.)  the  preceding  expression  becomes 


- sm 


P = 


n-2 

2 


2 it" 


a{a^  -1)  2 {a^  — r'‘^) " ^1  — r'^)  ® fd9''dT!r"  sin  0". 
2:(2<  + l)PQ<‘'^; 


the  integrals  being  taken  from  0"  = 0 to  0"  = tt,  and  from  ■nr"  to  -zst"  = 2 tt. 

In  order  to  find  the  value  of  the  finite  integral  entering  into  the 
preceding  formula,  let  R represent  the  distance  between  the  two  ele- 
ments d(T,  dv;  then  by  expanding  ^ in  an  ascending  series  of  the  powers 


of  — we  shall  obtain 
a 


— = ^ 2” 

R 's/ a'  — 2 ar'  [cos  9'  cos  9"  + sin  & sin  9"  cos  (-ar'  — -zzr")  + ” d ’ 


Mec.  Cel.  Liv.  iii.).  Hence  we  immediately  deduce 

® '\f  ■^00  'e  ^ Jo  / fd . d 'sf  T ® / o ' I 1 ^ ^ 

_g-  = 2.Q<'W,  ana2v/^g^-^=2.  (2*  + l)«‘V- 

VoL.  V.  Part  I.  G 
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If  now  we  substitute  this  in  the  value  of  p before  given,  and  after- 
ds  7*^ 

wards  write  — and  --  in  the  place  of  their  equivalents, 
d&'dw"  sin  0",  and  -v/ r' 

dr  ri 

we  shall  obtain 


sin 


P = 


w — 2 
2 


2 tt" 


4~n 

~ 


the  integral  relative  to  da  being  extended  over  the  whole  spherical  sur- 
face. 

Lastly,  if  pi  represents  the  density  of  the  reducing  fluid  disseminated 
over  the  space  exterior  to  A,  it  is  clear  that  we  shall  get  the  corres- 
ponding value  of  p by  changing  P into  pida  in  the  preceding  expression, 
and  then  integrating  the  whole  relative  to  a.  Thus, 


P 


da  da  pi 


But  dada==dvi\  dvi  being  an  element  of  the  volume  of  the  exterior 
space,  and  therefore  we  ultimately  get 


(22) p 


sin 


w — 2 
“2 


(1-0  * .fpidvi 


4~n 

2 


where  the  last  integral  is  supposed  to  extend  over  all  the  space  exterior 
to  the  sphere  and  E,  to  represent  the  distance  between  the  two  elements 
(fv  and  dvi. 


It  is  easy  to  perceive  from  what  has  before  been  shown  (Art.  7.),  that 
we  may  add  to  any  of  the  preceding  values  of  p,  a term  of  the  form 

h being  an  arbitrary  constant  quantity:  for  it  is  clear  from  the  article 
just  cited,  that  the  only  alteration  which  such  an  addition  could  produce 
would  be  to  change  the  value  of  the  constant  on  the  left  side  of  the 
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general  equation  of  equilibrium ; and  as  this  constant  is  arbitrary,  it  is 
evident  that  the  equilibrium  will  not  be  at  all  affected  by  the  change 
in  question.  Moreover,  it  may  be  observed,  that  in  general  the  additive 
term  is  necessary  to  enable  us  to  assign  the  proper  value  of  p,  when 
Q,  the  quantity  of  redundant  fluid  originally  introduced  into  the  sphere, 
is  given. 


In  the  foregoing  expressions  the  radius  of  the  sphere  has  been  taken 
as  the  unit  of  space,  but  it  is  very  easy  thence  to  deduce  formulae 

adapted  to  any  other  unit,  by  recollecting  that  — , -p,  and 


are  quantities  of  the  dimensions  0,  —1,  —1  and  3—n  respectively  with 

regard  to  space : for  if  b represents  the  sphere’s  radius,  when  we  employ 

, 1 , . ..  r r R dvx 

any  other  unit  we  shall  only  have  to  write,  and  ^ in  the 


place  of  r,  r\  R,  dvi  and  a,  and  afterwards  to  multiply  the  resulting- 
expressions  by  such  powers  of  b,  as  will  reduce  each  of  them  to  their 
proper  dimensions. 


If  we  here  take  the  formula  (22)  of  the  present  article  as  an  example, 
there  will  result. 


(23) p = 


sin 


w — 2 j 


2 TT^ 


{b'-r'^)  " fpidvi 


{cd-b') 

R^ 


for  the  value  of  the  density  which  would  be  induced  in  a sphere  A, 
whose  radius  is  b,  by  .the  action  of  any  exterior  bodies  whatever. 


When  71  > 2,  the  value  of  p or  of  the  density  of  the  free  fluid  here 
given  offers  no  difficulties,  but  if  7i  < 2,  we  shall  not  be  able  strictly  to 
realize  it,  for  reasons  before  assigned  (Art.  6.  and  7.)  If  however  7i 
is  positive,  and  we  adopt  the  hypothesis  of  two  fluids,  supposing  that 
the  quantities  of  each  contained  by  bodies  in  a natural  state  are  ex- 
ceedingly great,  we  shall  easily  perceive  by  proceeding  as  in  the  last 
of  the  articles  here  cited,  that  the  density  given  by  the  formula  (23) 
will  be  sensibly  correct  except  in  the  immediate  vicinity  of  A's  surface, 
provided  we  extend  it  to  the  surface  of  a sphere  whose  radius  is 
b—^b  only,  and  afterwards  conceive  the  exterior  shell  entirely  deprived 
of  fluid:  the  surface  of  the  conducting  sphere  itself  having  such  a 

G 2 
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quantity  condensed  upon  it,  that  its  density  may  every  where  be  repre- 
sented by 


sin 


P = - 


n — 2 
2 


n-  4 

b~ 


(2^) 


72  — 2 


n — 2 


I-  j {a-  - b^) 


4 — n 
1~ 


Application  of  the  general  Methods  to  circular  conducting  Planes,  8^c. 

10.  Methods  in  every  way  similar  to  those  which  have  been  used 
for  a sphere,  are  equally  applicable  to  a circular  plane  as  we  shall  im- 
mediately proceed  to  show,  by  endeavouring  in  the  first  jdace  to  determine 
the  value  of  P when  the  density  of  the  fluid  on  such  a plane  is  of 
the  form 

P = y') : 

f being  the  characteristic  of  a rational  and  entire  function  of  the  degree  s ; 
x',  y'  the  rectangular  co-ordinates  of  any  element  da  of  the  plane’s 
surface,  and  /•',  & the  corresponding  polar  co-ordinates. 

Then  we  shall  readily  obtain  the  formula 

jr^  CP^  ^ rr  d^'i^-  r'f  .fix,  y)  ^ 

^ y—2  rr'  cos  {0  — O')  + r '^)~ 

where  r,  0 are  the  polar  co-ordinates  of  and  the  integrals  are  to  be 
taken  from  O'  = 0 to  O' = 2 tt,  and  from  r'  = 0 to  / = 1 ; the  radius  of 
the  circular  plane  being  for  greater  simplicity  considered  as  the  unit 
of  distance. 

Since  the  function  f{x',  y')  is  rational  and  entire  of  the  degree  s, 
we  may  always  reduce  it  to  the  form 

(24)  f{^'>  y)  = cos  O'  -h  cos  20'  + A^^'>  cos  30'  + 

+ sin  0'  -f  P'"*  sin  20'  + sin  30'  + 
the  coefficients  A^''\  A^^\  A^^\  &c.  kc.  being  functions 

of  r only  of  a degree  not  exceeding  s,  and  such  that 

= ffW  -f-  af^r'-^  + + &c. ; A^^^  = («'’>  + + ) r'; 

= (*<')  + + bi'^r'*  + &c.)  r';  P'^>  = -t  bfh''^  + &c.)  r'\ 
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We  will  how  consider  more  particularly  the  part  of  V due  to  any 
of  the  terms  in  f as  cos  iQ'  for  example.  The  value  of  this  part 

will  evidently  be 

t'’ dr' d6'{\  — r’^Y cos  iQ’ 

(r^  —2rr'  cos  (0  — 6')  + r"^)~  . 


the  limits  of  the  integrals  being  the  same  as  before.  But  if  we  make 
0'  = 6 + <p,  there  will  result  dO'  = d<p,  and  cos  iO’  = cos  iO  cos  i<p  — sin  iO  sin  icp, 
and  hence  the  double  integral  here  given  by  observing  that  the  term 
multiplied  sin  i(p  vanishes  when  the  integration  relative  to  cp  is  effected, 
becomes 


cos  iO f\A^^r' dr'  (1  - r'^~Y  f 


dcp  cos  i(j) 


“ — 2rr'  cos  cp  + r'^)  ^ 


If  now  we  write  for  that  portion  of  T'^  which  is  due  to  the  term 
/<+2t  coefficient  A^^  we  shall  have 


. cos  ie/l r''  + ^*+^dr'  (1  -r'^f 


d(p  cos  i<p 


— 2rr'  cos  (p  + r'^)  ^ 


But  by  well  known  methods  we  readily  get 


d(p  cos  icp 
{^2  — 2rr'  cos  cp  + 


w-l.w  + 1 n + 2t’-3 

r'^^'  ’ 2.4  2t' 


n-l.n  + 1 n + 2i+2f'—3 

2 . 4 2i+2f 


when  r'  > r,  and  when  r'  < r,  the  same  expression  will  still  be  correct, 
provided  we  change  r into  r'  and  reciprocally. 

This  value  being  substituted  in  that  of  we  shall  readily  have  by 
following  the  processes  before  explained,  (Art.  1.  and  2.) 


VP^  = 2TraYr‘  cos  iO 


X r 


,2t' 


n~l  .n  + 1 
2 . 4 


n-{-2t'-S 

2tf 


n—l.n  + 1 

X — i — 

2 . 4 


^^  + 2^  + 2^'-3  r(/3  + i)r 


3 + 2^-  2/'  — 

2 ; 


2i+2t' 


2T 


2f3  + 5 + 2t-2t''\ 
2 } 


54  Mr  green,  on  THE  LAWS  OF  THE  EQUILIBRIUM  OF  FLUIDS. 


r(/3  + i)r 


---  TrUt^^r'  cos  iO. 


2 


2fi  + 5-?i 
2 


— l .91  + 1 9i  + 2f  — 3 91-1.91  + 1 9i  + 2i  + 2f'  — 3 

" * ~2  . 4 2?  ^ ~2  . 4 2i  + 2? 

3 — 91.5  — 91 1 + 2^  — 2^'  — w 

^ 2(3  + 5-91 2f3  + 3 + 2t+2t'-9i' 

the  sign  of  integration  S belonging  to  the  variable  f. 

Having  thus  the  part  of  F'  due  to  the  term  cos  iO'  in  the  expansion 
of  9/')  it  is  clear  that  we  may  thence  deduce  the  part  due  to  the 
analogous  term  sin  i9'  by  simply  changing  cos  iO  into  sin  i9,  and 
consequently  we  shall  have  the  total  value  of  itself,  by  taking  the 
sum  of  the  various  parts  due  to  all  the  different  terms  which  enter 
into  the  complete  expansion  of  9j'). 

“*  3 

If  now  we  make  (3  — — ^ — and  recollect  that 


the  foregoing  expression  will  undergo  simplifications  analogous  to  those 
before  noticed  (Art.  5.)  Thus  we  shall  obtain 


= 


TT-rtt' 


(0 


Sin 


9''  COS  19.1.  r 


w - 1 . w + 1 9i  + 2f  — 3 

’ 2 . 4 2? 


w-l.w  + 1 9i  + 2t  + 2f  — 3 3 — 91.5  — 91 1+2/— 2/'- w 

^ “2  . 4 2/ + 2/'  ^ 2 . 4 ^7777^  2/-2/'  ’ 


or  by  writing  for  abridgment 

. , w — l.w  + 1 91  + 2^ -3  91  — 1.91  + 1 9i  + 2i  + 2t'  — 3 

^ ~2  . 4 2?  ^ 2 . 4 2/ + 2/'  ’ 


there  will  result  this  particular  value  of  (3 


r<->  = 


9f*  COS  i9. 1 


3-99.5  — 91 l+2t—2f—9l 

2.4.6  2t-2t'  • 9 ; O’ 
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and  afterwards  by  making 

+ f,^^  + f<^^  + &c. 

we  shall  have 


sin 


n — 1 


r"  cos  iO  into  x 


af . 1 . 0 (e ; 0) 


3 — n 


+ af . — ■ . 0 (*’ ; 0)  + af . 1 . 0 (« ; 1)  .r^ 


+ af.^  2^^  ^4~‘  ^ • 0 (*  5 1)  • r^  + a2^  0 (*;  2)  . r' 

fo  j/'  /\\  (i)  ^ **  71  • 5 j/'  2 

+ «S*-  3 4 . 6~''''^*'’  3 4 •'?*<"’ 

3 — // 

+ «^\— ^.0(i;  2).r'‘  + «^'M  .0(/;  3)./*® 


+ &:c. 


+ &c. 


-i"  &C. 


+ &C. 


Conceiving  in  the  next  place  that  F is  a given  rational  and  entire 
function  of  x,  y,  the  rectangular  co-ordinates  of  we  shall  have  since 
X = r cos  9,  y =■  r sin  9. 

(25)  F=  -I-  cos  9 + cos  29  + cos  39  + &c. 

+ sin  9 + E^^'>  sin  29 + E^^^  sin  30-1-&C. 


of  which  expansion  any  coefficient  as  for  example,  may  be  still 
farther  developed  in  the  form 

~ ^n  — 1 — T {c^o^0  (*';  0)  + c^'>  .(pii ; 1) . r^  + cf  .(pit;  2)  .r*  + &:c.(. 

sin  .) 

Now  it  is  clear  that  the  term  cos  i9  in  the  developement  (25) 
corresponds  to  that  part  of  F which  we  have  designated  by  F^%  and 
hence  by  equating  these  two  forms  of  the  same  quantity,  we  get 

cos  i9, 
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which  by  substituting  for  and  their  values  before  exhibited,  and 
comparing  like  powers  of  the  indeterminate  quantity  r gives 


3 — w 3 — w . 5 — w S — 71 .5—71  .'7  — n 

j -(> 


cip  = 1 . 

2 2.4 

3 — w 3 — 71.5  — 71  ...  . 

= 1 . rti  ^ af  + — — + &c. 

2 2.4 

= 1 . (if  + — af  + ho.. 


4 . 6 


af  + &c. 


^^c.= . 


.&c. 


.&c. 


of  which  system  the  general  type  is 

cf  = (1  - 6)~ . af ; 

the  symbols  of  operation  being  here  separated  from  those  of  quantity, 
and  e being  used  in  its  ordinary  acceptation  with  reference  to  the  lower 
index  7i,  so  that  we  shall  have  generally 

»7i  /y(0  — ft  (0 

t • iiu  •“  ^u+jn* 


'fhe  general  equation  between  af  and  cf  being  resolved,  evidently  gives 
liy  expanding  the  binomial  and  writing  in  the  place  of  ecf,  e^cf,  e^cf,  &:c. 
their  values  c4\,  Cuf2,  c«+3,  &c. 


(26). 


2 


2 . 4 


C ^ 1 . w + 1 (i)  ^ 


Having  thus  the  value  of  af  we  thence  immediately  deduce  the  value 
of  and  this  quantity  being  known,  the  first  line  of  the  expansion 
(25)  evidently  becomes  known. 


In  like  manner  when  we  suppose  that  the  quantity  is  expanded 
in  a series  of  the  form 


71  — 1 

sm  I — ^ — TT 


{ ef . 0 {i ; 0)  + ef  (p{i;  1 ) . 7*^  + ef  (p  {i ; 2) . r'  + &c.  i 
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we  shall  readily  deduce 


(1  - .)■ 


= el"’  H- 


n — 3 
~~2 


p + 


71  — 3 .71-  1 


2 


p(i)  + 


&c., 


and  being  thus  given,  and  consequently  the  second  line  of  the 
expansion  (25)  are  also  given. 


From  what  has  preceded,  it  is  clear  that  when  V is  given  equal  to 
any  rational  and  entire  function  whatever  of  x and  7j,  the  value  of 
J\x,  y')  entering  into  the  expression 

p=  .f{x\  y'\ 


will  immediately  be  determined  by  means  of  the  most  simple  formulae. 


The  preceding  results  being  quite  independent  of  the  degree  a of 
the  function  f{x,  y)  will  be  equally  applicable  when  s is  infinite,  or 
wherever  this  function  can  be  expanded  in  a series  of  the  entire  powers 
of  X,  7j',  and  the  various  products  of  these  powers. 


We  will  now  endeavour  to  determine  the  manner  in  which  one  fiuid 
will  distribute  itself  on  the  circular  conducting  plane  A Avhen  acted 
upon  by  fluid  distributed  in  any  way  in  its  own  plane. 

For  this  purpose,  let  us  in  the  first  place  conceive  a quantity  q of 
fluid  concentrated  in  a point  P,  where  r = a and  0 = 0,  to  act  upon  a 
conducting  plate  whose  radius  is  unity.  Then  the  value  of  V due  to  this 
fluid  will  evidently  be 


{(f—2ar  cos  Q + r^)  ^ 

and  consequently  the  equation  of  equilibrium  analogous  to  the  one  marked 
(20)  Art.  10.,  will  be 

(27) const.  = ^ + P\ 

-2ar  cos  0 + ® 

V being  due  to  the  fluid  on  the  conducting  plate  only. 

If  now  we  expand  the  value  of  V deduced  from  this  equation,  and 
VoL.  V.  Part  I.  H 
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then  compare  it  with  the  forinulse  (25)  of  the  present  article,  we 
sliall  have  generally  and 


r<'>=  -2(7«-’‘;^.  {(^(/;  O)+0(e;  1)  ^ +0(/;  2)^  3)  ^ + &c.|, 


a' 


except  when  i = 0,  in  which  case  we  must  take  only  half  the  quantity 
furnished  by  this  expression  in  order  to  have  the  correct  value  of 
H ence  whatever  7i  may  be, 


2 sin 


e^'’  = 0,  and  = 


n - I 


qa 


1 — 


the  particular  value  ^ = 0 being  excepted,  for  in  this  case  we  have  agreeably 
to  the  preceding  remark 


sm 


<«)_  _ 


n — \ 


and  then  the  only  remaining  exception  is  that  due  to  the  constant 
quantity  on  the  left  side  of  the  equation  (27).  But  it  will  be  more 
simple  to  avoid  considering  this  last  exception  here,  and  to  afterwards  add 
to  the  final  result  the  term  which  arises  from  the  constant  quantity  thus 
neglected. 

The  equation  (26)  of  the  present  article  gives  by  substituting  for 
ci/’  its  value  just  found. 


= 


w — 3.W  — 1 . w — 3.w-l,w  — 1 


2 . 4 


2.4.6  + 


2 sm 


, in  — 1 


qc^  " * (1  — «"*) 


3->i 
-2\  2 


2 sin 


n—\ 


(^2_  j)  2 ^ 


Mr  green,  on  THE  LAWS  OF  THE  EQUILIBRIUM  OF  FLUIDS.  59 


and  consequently, 


2 sin 


^ afr'^  + + &c.}  /* 

n — \ 

~2~ 


'2  '4 

r 


2 sin 

(n  - 

1 \ 

V 2 

-.) 

TT^ 

2 sin 

2 \ 

( 2 

qa~^-'(a^—\) r\\\  + — + — + &c4 

T.  \ j a- 


qa~^~'  {a?  — 1)  ^ /*'  ( 1 ^ 


ri\  -1 


the  particular  value  being  one  half  only  of  what  would  resvilt  from 
making  i = 0 in  this  general  formulee. 

But  = 0 evidently  gives  ^^'^  = 0,  and  therefore  the  expansion  of 
J'ix,  q)  before  given  becomes 

y')  — A^°'*  + cos  0'  +A^^^  cos  29'  + A^^^  cos  30'  + &c. 


2 sin 


n—1 


■ TT 


3 — n 

q (a~  - 1)  («- 


r . li  + — cos  O'  + cos  20'  -t-  1 

' a a ’ 


or  by  summing  the  series  included  between  the  braces, 

— 1 


sm 


y)  = 


2 


3-n 

S.2  T 


K-1) 

^ a^—2ar'  cos  O'  + r"^ 


sin 


n—1 


{a^  - 1)  ^ 


R being  the  distance  between  P,  the  point  in  which  the  quantity  of 
fluid  q is  concentrated,  and  that  to  which  the  density  p is  supposed  to 
belong. 


Having  thus  the  value  of f -{x',  y)  we  thence  deduce 

sin 


p = (1  - r'^)  ^ fix,  y')  = - 


w-1  " 

TT 


2 


TT 

H 2 


il-r'-)  ^ q ^ ^ 


3-» 


R^ 
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The  value  of  p here  given  being  expressed  in  quantities  perfectly 
independent  of  the  situation  of  the  axis  from  which  the  angle  6'  is 
measured,  is  evidently  applicable  when  the  point  P is  not  situated  upon 
this  axis,  and  in  order  to  have  the  complete  value  of  p,  it  will  now 
only  be  requisite  to  add  the  term  due  to  the  arbitrary  constant  quantity 
on  the  left  side  of  the  equation  (26),  and  as  it  is  clear  from  vvhat  has  pre- 
ceded, that  the  term  in  question  is  of  the  form 

n — 3 

const.  X — 

we  shall  therefore  have  generally,  wherever  P may  be  placed, 


n-3  r 

p = (1  — r^)  . jconst.  — 


sm 


n-  1 


3-n 


}• 


The  transition  from  this  particular  case  to  the  more  general  one, 
originally  proposed  is  almost  immediate : for  if  p represents  the  density 
of  the  inducing  fluid  on  any  element  r/o-,  of  the  plane  coinciding  Avith 
that  of  the  plate,  pidai  will  be  the  quantity  of  fluid  contained  in  this 
element,  and  the  density  induced  thereby  will  be  had  from  tlie  last 
formula,  by  changing  q into  If  then  we  integrate  the  expression 

thus  obtained,  and  extend  the  integral  over  all  the  fluid  acting  on  the 
plate,  we  shall  haA^e  for  the  required  value  of  p 


sin 


const.  - 


n-\  \ 

TT 


3-n 

~ 


R^ 


R being  the  distance  of  the  element  dcr^  from  tlie  point  to  Avhich  p belongs, 
and  a the  distance  between  da^  and  the  center  of  the  conducting  plate. 


Hitlierto  the  radius  of  the  circular  plate  has  been  taken  as  the  unit 
of  distance,  but  if  AA'e  employ  any  other  unit,  and  suppose  that  b is 
the  measure  of  the  same  radius,  in  this  case  Av^e  shall  only  have  to 

and  in  the  place  of  a,  r , dai  and  R respectively. 


. a r 
write  j, 


recollecting  that  ^ is  a quantity  of  the  ilimension  0 with  regard  to  space, 

Pi  O 1 

by  so  doing  the  resulting  value  of  p is 
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(28). 


.p=^(h-^-n 


n-3 

/'A~ 


. jconst.  - 


sin 


n-1 


fp\d 


or 


3-n 
2\”2^ 


By  supposing  n = 2,  the  preceding  investigation  will  be  applicable 
to  the  electric  fluid,  and  the  value  of  the  density  induced  upon  an 
infinitely  thin  conducting  plate  by  the  action  of  a quantity  of  this 
fluid,  distributed  in  any  way  at  will  in  the  plane  of  the  plate  itself 
will  be  immediately  given.  In  fact,  when  ^^  = 2,  the  foregoing  value  of 
p becomes 


P = 


jconst.  — 


1 , , ^/a^—  R 

jpxdty I 


If  we  suppose  the  plate  free  from  all  extraneous  action,  we  shall 
simply  have  to  make  pi  = 0 in  the  preceding  formula;  and  thus 


(29) 


_ const. 


Biot  {Traite  de  Physique,  Tom.  ii.  p.  277.)>  ^*^8  related  the  results  of 
some  experiments  made  by  Coulomb  on  the  distribution  of  the  electric  fluid 
when  in  equilibrium  upon  a plate  of  copper  10  inches  in  diameter,  but 
of  which  the  thickness  is  not  specified.  If  we  conceive  this  thickness 
to  be  very  small  compared  with  the  diameter  of  the  plate,  which  was 
undoubtedly  the  case,  the  formula  just  found  ought  to  be  applicable 
to  it,  provided  we  except  those  parts  of  the  plate  which  are  in  the 
immediate  vicinity  of  its  exterior  edge.  As  the  comparison  of  any 
results  mathematically  deduced  from  the  received  theory  of  electricity 
with  those  of  the  experiments  of  so  accurate  an  observer  as  Coulomb 
must  always  be  interesting,  we  will  here  give  a table  of  the  values  of 
the  density  at  different  points  on  the  surface  of  the  plate,  calculated 
by  means  of  the  formula  (29),  together  with  the  corresponding  values 
found  from  experiment. 
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Distances  from  the 
Plate’s  edge. 

Observed 

densities. 

Calculated 

densities. 

5 in 

b 

1, 

4 

1,001 

1,020 

3 

1,005 

1,090 

2 

bl7 

1,250 

1 

1,52 

1,667 

,5 

2,07 

2,294 

0 

2,90 

infinite. 

We  thus  see  that  the  differences  between  the  calculated  and  observed 
densities  are  trifling;  and  moreover,  that  the  observed  are  all  something 
smaller  than  the  calculated  ones,  which  it  is  evident  ought  to  be  the 
case,  since  the  latter  have  been  determined  by  considering  the  thickness 
of  the  plate  as  infinitely  small,  and  consequently  they  will  be  somewhat 
greater  than  when  this  thickness  is  a finite  quantity,  as  it  necessarily 
was  in  Coulomb’s  experiments. 

It  has  already  been  remarked  that  the  method  given  in  the  second 
article  is  applicable  to  any  ellipsoid  whatever,  whose  axes  are  a,  i,  c. 
In  fact,  if  we  suppose  that  x,  y,  z are  the  co-ordinates  of  a point  p 
within  it,  and  x',  y\  z'  those  of  any  element  dv  of  its  volume,  and 
afterwards  make 

X = «.cos  9,  y = b. sin  0 cos  -sr,  z = c.sin  6 sin  -sr, 
x'=  a. cos  O',  y'  = i.sin  6'  cos  -zjr',  »'=  c.sin  O'  sin  tst', 
we  shall  readily  obtain  by  substitution, 

V = ahc  jp.r  "dr' do' disr'  ^in  O' .{\r"  — Q.iurr'  + vr'‘)  ^ ; 
the  limits  of  the  integrals  being  the  same  as  before  (Art.  2.),  and 
X = a-  cos  0-  + //  sin  0“  cos  + c“  sin  0-  sin  ■aP, 

n = ef  cos  0 cos  O'  + sin  0 sin  O'  cos  ar  cos  ar'  + c®  sin  0 sin  O'  sin  ar  sin  ar', 
V = cos  0'^  + sin  0'^  cos  ar'-  + & sin  0''^  sin  ar'-. 
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Under  the  present  form  it  is  clear  the  determination  of  V can  offer 
no  difficulties  after  what  has  been  shown  (Art.  2.).  I shall  not  there- 
fore insist  upon  it  here  more  particularly,  as  it  is  my  intention  in  a 
future  paper  to  give  a general  and  purely  analytical  method  of  finding 
the  value  of  V,  whether  j)  is  situated  within  the  ellipsoid  or  not.  I 
shall  therefore  only  observe,  that  for  the  particular  value 


(30) 


the  series  + U2  -I-  U/  + &c.  (Art.  2.)  will  reduce  itself  to  the  single 
term  U^,  and  we  shall  ultimately  get 


which  is  evidently  a constant  quantity.  Hence  it  follows  that  the  ex- 
pression (30)  gives  the  value  of  p when  the  fluid  is  in  equilibrium 
within  the  ellipsoid,  and  free  from  all  extraneous  action.  Moreover, 
this  value  is  subject,  when  n < 2,  to  modifications  similar  to  those  of 
the  analagous  value  for  the  sphere  (Art.  7.)- 
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